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Abstract. We are concerned with a control problem related to the vanishing viscosity 
approximation to scalar conservation laws. We investigate the F-convergence of the 
control cost functional, as the viscosity coefficient tends to zero. A first order F-limit is 
established, which characterizes the measure-valued solutions to the conservation laws 
as the zeros of the F-limit. A second order F-limit is then investigated, providing a 
characterization of entropic solutions to conservation laws as the zeros of the F-limit. 

1. Introduction 

We are concerned with the scalar one-dimensional conservation law 

ut + f{u), = (1.1) 

where, given T > 0, u — u{t, x), (t, x) G [0, T] x R, subscripts denote partial derivatives, and 
the flux / is a Lipschitz function. As well known, even if the initial datum u(0) — u(0, •) 
is smooth, the flow (|1.1|) may develop singularities for some positive time. In general, these 
singularities appear as discontinuities of u and are called shocks. It is therefore natural to 
interpret (jl.ip weakly; in the weak formulation uniqueness is however lost, if no further 
conditions are imposed. Given a function 77, called entropy, the conjugated entropy flux 
q is defined up to an additive constant as q{u) = J dv rj' (v) f (v) . A weak solution to 
(|l.ip is called entropic iff for each entropy - entropy flux pair (?/, q) with rj convex, the 
inequality ri{u)t + q{u)x < holds in the sense of distributions. Note that the entropy 
condition is always satisfied for smooth solutions to (|l.ip . The classical theory, see e.g. 
[S1[TS], shows existence and uniqueness in C([0, T]; Lijoc(IR)) of the entropic solution to the 
Cauchy problem associated to (|l.ip . While the flow (|l.ip is invariant w.r.t. {t, x) ^ {—t, —x), 
the entropy condition breaks such invariance and selects the "physical" direction of time. 

In the conservation law (II. ip the viscosity effects are neglected. This approximation is 
no longer valid if the gradients become large as it happens when shocks appear. A more 
accurate description is then given by the parabolic equation 

+ I (i?("K), (1.2) 

in which (t, x) G [0, T] x M, D, assumed uniformly positive, is the diffusion coefficient and 
£ > is the viscosity. In this context of scalar conservation laws, it is also well known that, 
as e ^ 0, equibounded solutions to p.2p converge in Lijoc([0, T] x R) to entropic solutions 
to (jl.ip . see e.g. [5J [H]. This approximation result shows that the entropy condition is 
relevant. 

Perhaps less well known, at least in the hyperbolic literature, is the fact that entropic so- 
lutions to (jl.ip can be obtained as scaling limit of discrete stochastic models of lattice gases, 
see e.g. [HI Ch. 8]. In a little more detail, consider particles living on a one-dimensional 
lattice and randomly jumping to their neighboring sites. It is then proven that, under hyper- 
bolic scaling, the empirical density of particles converges in probability to entropic solutions 
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to (jl.ip . A much studied example is the totally asymmetric simple exclusion process, where 
there is at most one particle in each site and only jumps heading to the right are allowed. 
In this case, the empirical density takes values in [0, 1] and its scaling limit is given by (|l.ip 
with flux f{u) = u{l — u). In this stochastic framework, it is also worth looking at the large 
deviations asymptotic associated to the aforementioned law of large numbers. Basically, this 
amounts to estimate the probability that the empirical density lies in a neighborhood of a 
given trajectory. In general this probability is exponentially small, and the corresponding 
decay rate is called the large deviations rate functional. For the totally asymmetric sim- 
ple exclusion process, this issue has been analyzed in [^[T^. It is there shown that the 
large deviations rate functional is infinite off the set of weak solutions to (|l.ip : on such 
solutions the rate functional is given by the total positive mass of the entropy production 
h{u)t + g{u)x where h is the Bernoulli entropy, i.e. h{u) — —ulogu — (1 — u) log(l — u) and 
g is its conjugated entropy flux. 

A stochastic framework can also be naturally introduced in a PDE setting by adding to 
(jl.2p a random perturbation, namely 



= I (^("K), + V7(v/^a^), e (0,T) xR (1.3) 

where (j{u) > is a conductivity coefficient and is a Gaussian random forcing term 
white in time and with spatial correlations on a scale much smaller than 7. Let u"^'^ be 
the corresponding solution; if 7 <g; e then u'^'^ still converges in probability to the entropic 
solution to (|l.ip and the large deviations asymptotic becomes a relevant issue. Referring to 
[13] for this analysis, here we formulate the problem from a purely variational point of view 
quantifying, in terms of the parabolic problem p.2p . the asymptotic cost of non-entropic 
solutions to (jl.ip . Introducing in p.2p a control E = E{t,x) we get 

ut + fiu)x = ^{D{u)ux)^-{aiu)E)^ (t, x) £ {0,T) x R (1.4) 

If we think of u as a density of charge, then E can be naturally interpreted as the 'controlling' 
external electric field and (t(m) > as the conductivity. The fiow (|1.4p conserves the total 
charge J dxu{t,x), whenever it is well defined. 

The cost functional associated with (jl.2p can be now informally defined as the work 
done by the optimal controlling field E in (|1.4p . namely 

lJu)^M- I dtdxa(u)E^ =mi- [ dt\\E\\l ,„ , , (1.5) 
where the infimum is taken over the controls E such that (11.41) holds. For a suitable choice 



of the random perturbation a^, 1^ is the large deviations rate functional of the process u'^'^ 
solution to (|1.3p . when e is fixed and 7^0. To avoid the technical problems connected to 
the possible unboundedness of the density u, we assume that the conductivity a has compact 
support. In this case, if u is such that Ie{u) < +00 then u takes values in the support of 
(J, see Proposition [3]4] for the precise statement. For the sake of simplicity, we assume that 
a is supported by [0, 1]. The case of strictly positive a also fits in the description below, 
provided however that the analysis is a priori restricted to equibounded densities u. 

In this paper we analyze the variational convergence of /g as e 0. Our first result holds 
for a Lipschitz flux /, and identifies the so-called F- limit of /g, which is naturally studied in 
a Young measures setting. The limiting cost of a Young measure /i = ^t.x{dX) is 



^(^) = ^ i.^J^ [MW]t+N/(A))], 



[0,T] 



H-^(«.,ii{a{\))dx) 
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where, given F e C([0, 1]) we set [fi{F{X))]{t,x) ^ J ^t^xidX) F{X) and, with a httle abuse 

1 /2 

of notation, \\(p\\H-^R,tj.tA'yW)dx) is the dual norm to [Jdxnt,x{cr{X))(pl] 

Note that T{fj,) vanishes iff /U is a measure-valued solution to (|l.ip . Hence we can obtain 
such solutions as limits of solutions to p.4p with a suitable sequence with vanishing cost. 
On the other hand, if we set in (|1.4p = we obtain, in the limit £ — > 0, an entropic 
solution to (jl.ip . If the flux / is nonlinear, the set of measure- valued solutions to (|l.ip is 
larger than the set of entropic solutions; it is thus natural to study the F-convergence of the 
rescaled cost functional :— e~^Ie, which formally corresponds to the scaling in [9} [T7]. 
Our second result concerns the F-convergence of which is studied under the additional 
hypotheses that the flux / is smooth and such that there are no intervals in which / is affine. 
A compensated compactness argument shows that if^ has enough coercivity properties to 
force its convergence in a functions setting and not in a Young measures' one. 

To informally deflne the candidate F- limit of H^, we flrst introduce some preliminary 
notions. We say that a weak solution u to is entropy-measure iff for each smooth 

entropy rj the distribution -I- q{u)x is a Radon measure on (0,T) x R. If u is an 

entropy-measure solution to p.ip . then there exists a measurable map Qu from [0, 1] to the 
set of Radon measures on (0, T) x R, such that for each 77 e C^([0, 1]) and G ((0, T) x 
M), — Jdtdx [r]{u)ipt + q{u)ipx] — Jdv gu{v;dt,dx)ri" {v)(p{t,x), see Proposition [2?3l The 
candidate F-limit of Hg is the functional H defined as follows. If u is not an entropy-measure 
solution to (jl.ip then H{u) — +00. Otherwise H{u) = J dv g^{v;dt,dx)D{v)/a{v), where 
g+ denotes the positive part of g^- Note that while and 2 are nonlocal functionals, 
H is local. On the other hand, while I^, resp. X, quantifies in a suitable squared Hilbert 
norm the violation of equation p.2p . resp. p.ip . this quadratic structure is lost in H. In 
Proposition [2]6] we show that _ff is a coercive lower semicontinuous functional, this matching 
the necessary properties for being the F-limit of a sequence of equicoercive functionals. 
Note also that H depends on the diffusion coefficient D and the conductivity coefficient a 
only through their ratio, which is an expected property of well-behaving driven diffusive 
systems, in hydrodynamical-like limits. We discuss this issue in Remark |2.11[ where a link 
between the functional H and the large deviations rate functional introduced in [9lll7j is also 
investigated. In particular, H comes as a natural generalization of the functional introduced 
in [21 [17], whenever the flux / is neither convex nor concave. 

In this paper we prove that for each sequence — > u in iijoc([0,T] x R) we have 
lim ^ H^ (u^) > H{u), namely F- lim > H. Since the functional H vanishes only on 
entropic solutions to (jl.ip . its zero- level set coincides with the limit points of the minima 
of /j. Concerning the F-limsup inequality, for each weak solution u to (jl.ip in a suitable 
set Sc, see Definition 12.41 we construct a sequence u such that He(u^) H{u). The 

above statements imply (F-lim 7?£)(u) = H{u) for u G Sa- To complete the proof of the F- 
convergence of TJ^ to H on the whole set of entropy-measure solutions, an additional density 
argument is needed. This seems to be a difficult problem, as Varadhan [T7] puts it: ". . . one 
does not see at the moment how to produce a 'general' non-entropic solution, partly because 
one does not know what it is." 

The above results imply that if u'^ solves (|1.4p for some control E'^ such that 

lim / dt ||£^1li,(K,<.(u.)d:r) = 

then any limit point of is an entropic solution to (|l.ip . This statement is sharp in the 
sense that there are sequences {E'^} with ]iMe^~^ I[oT]'^^\\^'^\\i2i^'^{u^)dx) ^ ^ s^*^^ that 
any limit point of the corresponding u'^ is not an entropic solutions to (jl.ip . More generally, 
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the variational description of conservation laws here introduced allows the following point of 
view. Measure- valued solutions to are the points in the zero-level set of the F-limit of 
/g, while entropic weak solutions are the points in the zero-level set of the F-limit of e^^I^. In 
Appendix iBjwe introduce a sequence { J^} of functionals related to the viscous approximation 
of Hamilton- Jacobi equations. In 14J a F-limsup inequality for a related family of functionals 
has been independently investigated in a BV setting. Following closely the proofs of the F- 
convergence of {/e}, we establish the corresponding F-convergence results, thus obtaining 
a variational characterization of measure- valued and viscosity solutions to Hamilton- Jacobi 
equations. Although this "variational" point of view is consistent with the standard concepts 
of solution in the current setting of scalar conservation laws and Hamilton-Jacobi equations, 
it might be helpful for less understood model equations. 



2. Notation and results 

Hereafter in this paper, we assume that / is a Lipschitz function on [0, 1], D and a are 
continuous functions on [0,1], with D uniformly positive and a strictly positive on (0,1). 
We understand that these assumptions are supposed to hold in every statement below. 

We also let (•, •) denote the inner product in L2{M.), for T > ((•, •)) stands for the inner 
product in L2{[Q,T] x R), and for O an open subset of R", C^{0) denotes the collection of 
compactly supported infinitely differentiable functions on O. 

Scalar conservation law 

Our analysis will be restricted to equibounded densities u that take values in [0, 1]. Let U 
denote the compact separable metric space of measurable functions m : M — > [0, 1], equipped 
with the following H^^-\ike metric dij. For L > 0, set 

||u||_i,L sup{(u,v?), ip e C^{{-L,L)), {ip^,Lp^) = 1} 
and define the metric djj in U by 



N=l 

Given T > 0, let U be the set C([0,T]; C/) endowed with the uniform metric 

duiu,v):= sup du{u{t),v{t)) (2.2) 
te[o.T] 

An element u eU is a weak solution to (jl.ip iff for each (p £ ((0; 2^) x H^) (in particular 
(p{0) = f{T) = 0) it satisfies 

We also introduce a suitable space Ai of Young measures and recall the notion of measure- 
valued solution to ()1.1|) . Consider the set Af of measurable maps fj, from [0,T] x M to the 
set V{[0, 1]) of Borel probability measures on [0, 1]. The set J\f can be identified with the 
set of positive Radon measures /i on [0, 1] x [0,T] x R such that /x([0, 1], dt, dx) = dtdx. 
Indeed, by existence of a regular version of conditional probabilities, for such measures /i 
there exists a measurable kernel /if 2; (dA) € 7^([0, 1]) such that /x(dA, dt, dx) = dtdx fit. xidX). 
For I : [0, 1] [0, 1] the identity map, we set 

M := {fieJV : the map [0, T] 3 t ^ fit, («) is in Z^} (2.3) 
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in which, for a bounded measurable function F : [0, 1] R, the notation iit,x{F) stands for 
/[o i]l^t,x{dX)F{X). We endow Ai with the metric 

dM{^J■,t^) ■= d^ip-,^) + du{li.{i),i'{j)) (2.4) 

where d^ is a distance generating the relative topology on M regarded as a subset of the 
Radon measures on [0,1] x [0,T] x R equipped with the weak* topology. [M^dM) is a 
complete separable metric space. 

An element /i £ is a measure-valued solution to (jl.ip iff for each (f S C(?°((0,T) x R) 
it satisfies 

If u G Z// is a weak solution to then (5„(t_a;)((iA) e is a measure-valued solution. On 

the other hand, there exist measure-valued solutions which do not have this form. 

Parabolic cost functional 

We next give the definition of the parabolic cost functional informally introduced in (|1.5p . 
Given u G U we write Ux G i2.ioc([0, T] x R) iff u admits a locally square integrable weak 
x-derivative. For e > 0, u eU such that u.^ £ i2Joc([0, T] x R), and ip e C^i{0, T) x R) we 
set 

:= -((u, pt)) - {{fiu),iPx)) + ^-{{D{u)u^,p.,)) (2.5) 
and define 1^ '-U ^ [0, -l-oo] as follows. If £ -Zj2,1oc([0, T] x M) we set 

Ie{u):^ sup fe(^)-i((a(u)^J (2.6) 

yeC~((0,T)xK) L ^ J 

letting Ie{u) :— +00 otherwise. Note that /e(w) vanishes iff u G W is a weak solution 
to (|1.2p : more generally, by Riesz representation theorem, it is not difficult to prove the 
connection of 1^ with the perturbed parabolic problem (|1.4p , see Lemma 13.11 below for the 
precise statement. 

In order to discuss the behavior of as e — > 0, we lift it to the space of Young measures 
(A^, dx). We thus define 1^ : M ^ [0, +00] by 

J Ihiu) if Ait.x = 6u{t,x) for some ueU 7) 

I +00 otherwise 

Asymptotic parabolic cost 

As well known, a most useful notion of variational convergence is the F-convergence 
which, together with some compactness estimates, implies convergence of the minima. Let 
X be a complete separable metrizable space; recall that a sequence of functionals F^ : X ^ 
[— cxD, -|-oo] is equicoercive on X iff for each M > there exists a compact set Km such 
that for any £ S (0, 1] we have {x G X : Fg{x) < M} C Km- We briefly recall the basic 
definitions of the F-convergence theory, see e.g. [31 [5]. Given a; € X we define 

(F-limFe) (x) := inf { lim (x^ ) , {x^} C X : x^ ^ x} 
(F-IimFe) (x) := M\]h^FJx'), {x"} <Z X : x' x] 

Whenever F- lim F^ — F-limFe = F we say that F^ F-converges to in X. Equivalently, F^ 

F-converges to F iff for each x G X we have: 

- for any sequence x"^ —^ x we have lim^ F^^x"^) > F[x) {T-liminf inequality); 

- there exists a sequence ^ x such that lim.g F^^x^^) < F{x) {T-limsup inequality). 
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Equicoercivity and r-convergence of a sequence {F^} imply an upper bound of infima over 
open sets, and a lower bound of infima over closed sets, see e.g. [3l Prop. 1.18], and therefore 
it is the relevant notion of variational convergence in the control setting introduced above. 

Theorem 2.1. The sequence defined in (j2.6p . (j2.7p is equicoercive on M and, as 

e — > 0, T-converges in M to 

X(^) := sup \ - {{ii{i),ift)) - {{ii{f),ipx)) -\{{^i{a)ip^,Lp^))\ (2.8) 
vec~((o,T)xR) ^ 

Note that I(/i) = iff /i is a measure- valued solution to (|l.ip . From Theorem 12.11 we 
deduce the F- limit of I^, see p.6p . on U by projection. 

Corollary 2.2. The sequence of Junctionals {le} is equicoercive on hi and, as e ^ 0, F- 
converges in U to the functional I : U [0, -\-oo] defined by 



I{u) := inf I J dtdx Rf_„ [u{t, x), $(t, x)) , 

* e i2,ioc([0,r] X R) : $^ = -ut weakly} 
where Rf.a : [0, 1] x R — s- [0, +00] is defined by 

RfAw, c) := inf{(i.(/) - c) V^^C^r), ly G Vi[0, 1]) : - w} 
in which we understand (c — c)^/0 = 0. 



From the proof of Corollarv l2.2l it follows /(•) < T{S.), and the equality holds iff / is linear. 
If we restrict to stationary u's, namely to the case ut = 0, Corollary 12.21 can be regarded 
as a negative-Sobolev version of classical relaxation results for integral functionals in weak 
topology. More precisely, from the proofs of Theorem 14.11 and Corollary 12.21 it follows that 
if we define the functional F : U ^ [0, +00] by 

[fiuix))~c]' 



F{u) := inf / dx ■ 
cm J 



a{u{x)) 

then its lower semicontinuous envelope w.r.t. the dfj-distance (|2.ip is given by 



F{u) inf / dx Rf „{u{x),c) 
cemj 



Note also that Rf^„ can be explicitly calculated in some cases. Let /, / : [0,1] — > M be 
respectively the convex and concave envelope of /. Then, in the case a = 1, we have 
Rf^i{w,c) = [distance(c, [/(w), /(w)])] . In the case f — o (which includes the example 
mentioned in the introduction f(u) = (j{u) = u(l — u)) then 

pCcl-c) if |c|e [/(«;), /(^i;)] 

i?/,/(-,c) = H£)^ if |c| >/(..) 

if |c| </(..) 

Entropy-measure solutions 

Recalling (|2.2p . we let X be the same set C([0,T]; U) endowed with the metric 



00 ^ 

dx{u,v) := ^ w|1li([o,t]x[-A',a']) +dw(M,w) (2.9) 

Convergence in X is equivalent to convergence in U and in Lp,ioc([0, T] x M) for p e [1, +00). 
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Let C^([0, 1]) be the set of twice differentiable functions on (0, 1) whose derivatives are 
continuous up to the boundary. A function, resp. a convex function, rj G C^([0, 1]) is cahed 
an entropy, resp. a convex entropy, and its conjugated entropy flux q G C([0, 1]) is defined 
up to a constant by q{u) := J dv rj' (v) f {v) . For u a weak solution to ()l.ip . for {ri,q) 
an entropy - entropy flux pair, the rj-entropy production is the distribution pri,u acting on 
C,°°((0,T) X M) as 

PvA'P) -iiviu), Vtj) - {{q{u),ip^)) (2.10) 
Let Cl-^{[Q, 1] X (0, T) x M) be the set of compactly supported maps ?9 : [0, 1] x (0, T) x M 9 
{v,t,x) I— > •d{v,t,x) G R, that are twice differentiable in the v variable, with derivatives 
continuous up to the boundary of [0, 1] x (0, T) x M, and that are infinitely differentiable 
in the {t,x) variables. For -d G Cl'^{[0, 1] x (0,T) x M) we denote by and d" its partial 
derivatives w.r.t. the v variable. We say that a function d G C^'°°([0, 1] x (0, T) x M) is an 
entropy sampler, and its conjugated entropy flux sampler Q : [0, 1] x (0, T) x R is defined up 
to an additive function of (t,x) by Q{u,t,x) := J dvd' {v ,t, x) f {v) . Finally, given a weak 
solution u to p.ip . the d -sampled entropy production P§,u is the real number 



P-d u '■= — I dt dx 



{dt^){u{t,x),t,x) + {d^Q){u{t,x),t,x)\ (2.11) 

If i){v,t,x) = rj{v)tf{t,x) for some entropy rj and some Lp G C^((0, T) x M), then Pg,u — 

The next proposition introduces a suitable class of solutions to (|l.ip which will be needed 
in the following. We denote by M((0, T) x R) the set of Radon measures on (0, T) x R that 
we consider equipped with the weak* topology. In the following, for g G ((0, T) x R) we 
denote by the positive and negative part of g. For u a weak solution to (jl.ip and rj an 
entropy, recalling (|2.10p we set 

||Pr,.«||TV,L :=sup{p^,„(^), (^G Cr((0,r) X {-L,L)), \p\ < 1} (2.12) 
IIp;^,J|tv,l := sup{p,,„(^), ^ e CT{{0,T) x {-L,L)), < ^ < l} 

Proposition 2.3. Let u £ X be a weak solution to (jl.ip . The following statements are 
equivalent: 

(i) there exists c > such that ||p^„||tv,l < +oo for any L > and rj G C^([0; 1]) with 
0<rj" < c; 

(ii) for each entropy rj, the rj-entropy production pri,u can be extended to a Radon measure 
on (0,T) X R, namely ||p,,,u||tv.l < +oo for each L > 0; 

(iii) there exists a bounded measurable map gu : [0, 1] 9 w — > ^?n(f ; dt, dx) G M((0, T) x R) 
such that for any entropy sampler d 

P^„= I dv gu{v;dt,dx)'d"{v,t,x) (2.13) 



A weak solution u £ X that satisfies any of the equivalent conditions in Proposition 
is called an entropy-measure solution to (jl.ip . We denote hy £ G X the set of entropy- 
measure solutions to (jl.ip . Proposition 12.31 establishes a so-called kinetic formulation for 
entropy-measure solutions, see also [3 Prop. 3.1] for a similar result. If / G C^([0, 1]) is 
such that there are no intervals in which / is affine, using the results in [4] we show that 
entropy-measure solutions have some regularity properties, see Lemma [5. II 

A weak solution u £ X to (|l.ip is called an entropic solution iff for each convex entropy rj 
the inequality p^ ^ < holds in distribution sense, namely ||p^„||tv,l = for each L > 0. 
In particular entropic solutions are entropy-measure solutions such that gu(v;dt,dx) is a 
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negative Radon measure for each v G [0, 1]. It is well known, see e.g. [H [15], that for each 
uq £ U there exists a unique entropic solution u e C([0, T]; Lijoc(K)) to (II. 1|) such that 
u{0) = uq. Such a solution u is called the Kruzkov solution with initial datum uq. 

T-entropy cost of non-entropic solutions 

We next introduce a rescaled cost functional and prove in particular that entropic solu- 
tions are the only ones with vanishing rescaled asymptotic cost. Recalling that has been 
introduced in (|2.6[) . the rescaled cost functional : X [0, +oo] is defined by 

H,{u):^e-'l,{u) (2.14) 

In the F-convergence theory, the asymptotic behavior of the rescaled functional is usually 
referred to as the development by F-convergence of I^, see e.g. [3, §1.10]. In our case, while 
we lifted 1^ to the space of Young measures A4 , we can consider the rescaled cost functional 

on X. In fact, as shown below, iJ^ has much better compactness properties than 
and it is equicoercive on X. Therefore the F-convergence of the lift of to Ai can be 
immediately retrieved from the F-convergence of i/^ on X . Indeed, since Su^ — > (5„ in 
implies — > u in A", the metric (|2.9p generates the relative topology of X regarded as a 
subset of M. 

Recall that £ C X denotes the set of entropy- measure solutions to (II. 1|) . and that for 
u € £ there exists a bounded measurable map Qu : [0, 1] A/((0,T) x E) such that (j2.13p 
holds. Let p+ be the positive part of Qu, and define H : X ^ [0, +oo] by 

j [dvg+{v;dt,dx)^^j^ ifuef 
H{u) W cr(w) (2.15) 

[ +O0 otherwise 

As shown in the proof of Theorem 12. 5( if m is a weak solution to (II. ip and H{u) < +oo, 
then H(u) = sup^ P-d^u, where the supremum is taken over the entropy samplers •& such that 
< cr(v)t?"(v, t, x) < D{v), for each (u, t, x) e [0, 1] x [0, T] x M. 

Definition 2.4. An entropy-measure solution u Cz £ is entropy-splittablc iff there exist two 
closed sets E+,E~ C [0,T] x M such that 

(i) For a.e. v G [0,1], the support of g^{v;dt,dx) is contained in , and the support 
of {v; dt, dx) is contained in E^ . 

(ii) For each L > 0, the set |i G [0,T] : ({<} x [-L,L\) n E+ n E- 7^ 0| is nowhere 
dense in [0, T]. 

The set of entropy- splittahle solutions to (jl.ip is denoted by S . An entropy- splittable solution 
u G iS such that H{u) < -\-oo and 

(iii) For each L > there exists 5^ > such that a{u{t,x)) > Sl for a.e. {t,x) G 
[0,T] X [-L,L]. 

is called nice w.r.t. a. The set of nice (w.r.t. a) solutions to (jl.ip is denoted by S^. 

Note that 5ct C 5 C 5 C A", and that, if a is uniformly positive on [0, 1], then = S. 
In Remark 12.91 we exhibit a few classes of entropy-splittablc solutions to (|l.ip . 

Theorem 2.5. Let and H be the functionals on X as respectively defined in (|2.14p and 

(i) The sequence of functionals {-ff^} satisfies the T-liminf inequality F-lim^ > H on 
X. 

(ii) As.sume that there is no interval where f is affine. Then the sequence of functionals 
{H^} is equicoercive on X. 
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(iii) Assume furthermore that f G C^([0, 1]), and D,a C"([0, 1]) for some a > 1/2. 
Define 

H{u) := inf | lim ff(u„), {u„} G : Un u in A"} 

Then the sequence of functionals {-ff^} satisfies the T-limsup inequality T-\im^ < 
H on X. 



From the lower semicontinuity oi H on X, see Proposition [2T6l it follows that H > H on 
X and H = H on Sa, namely the F-convergence of to H holds on S^- To get the full 
F-convergence on X^ the inequality H{u) > H{u) is required also for u ^ S^- This amounts 
to show that is H-dense in X, namely that for u G X such that H{u) < +oo there exists 
a sequence C iSo- converging to u in A" such that H{u") — > H{u). As mentioned at 

the end of the introduction, this appears to be a difficult problem. A preliminary step in 
this direction is to obtain a chain rule formula for bounded vector fields on [0, T] x R the 
divergence of which is a Radon measure (divergence- measure fields). This is a classical result 
for locally BV fields [2J. However, while entropic solutions to (jl.ip are in BV\oc{\Si,T] x E) 
[U Corollary 1.3] whenever / is uniformly convex or concave, as shown in Example 12.81 
below, the set {u € X : H{u) < +00} is not contained in i?V|oc([0,T] x R) even under 
this assumptions on /; see ^ for similar examples including estimates in Besov norms. 
Chain rule formulae out of the BV setting have been investigated in several recent papers; 
in particular in [7] , a chain rule formula for divergence-measure fields is addressed, providing 
some partial results. In the remaining of this section we discuss some properties of i?, and 
some issues related to the iJ-density of Sa- 
in the following proposition we show that H is lower semicontinuous, and that it is 
coercive under the same hypotheses used for the equicoercivity of {H^}. Moreover, we prove 
that the minimizers of H are limit points of the minimizers of as e — *■ 0, so that no further 
rescaling of {1^} has to be investigated. 

Proposition 2.6. The functional H is lower semicontinuous on X and H{u) = iff u is 
an entropic solution to (jl.ip . If furthermore there are no intervals where f is affine then H 
is also coercive on X. 

From Proposition l5. II and the aforementioned regularity of entropy-measure solutions, see 
Lemma [5.11 it follows that if / G (^^([0, 1]) then the zero-level set of H coincides with the 
set of Kruzkov solutions to (|l.ip . 

li u G X is a weak solution with locally bounded variation, Vol'pert chain rule, see [2], 
gives a formula for H{u) in terms of the normal traces of u on its jump set, as shown in the 
following remark. 

Remark 2.7. Let u <E X (1 BVioc{[0,T] x M) be a weak solution to (|l.ip . Denote by J„ C 
[0,T] X M its jump set, by Ti}\_Ju the one- dimensional Hausdorff measure restricted to J„, 
by n = {n^^n^^ a unit normal to Ju (which is well defined li}\—Ju a.e.), and by the 
normal traces of u on Ju w.r.t. n. Then the Rankine-Hugoniot condition (u+ — u^)n* + 
(/(m"*") — = holds. In particular we can choose n so that is uniformly positive, 
and thus u+ is the right trace of u and u~ is the left trace of u. Then u € £ and 

Qu{v]dt,dx) = -r-prp{v,U+ ,U^) 

where, denoting by Au^ andu^Mu'^ respectively the minimum and maximum of {u^ , u^}, 
p : [0, 1]^ R is defined by 




XI[u-Aji+,«-V«+](^^) 

Hence, denoting by the positive part of p 

H(u) = / — — dv p^{v,u^,u ) 



J.{iu+~u-y + [f{u+)-f{u-)]^Y^' J ' ' ^(«) 

rfHVl (2.16) 

Note p{v,u^ ,u^) < iff > ^^^u+^^H^^ ■ This corresponds to the well known 

geometrical secant condition for entropic solutions, see e.g. [5l|T5]. Therefore H{u) quantifies 
the violation of the entropy condition along the non-entropic shocks of u. 

In the following Example l2.8l we show that neither the domain of if, neither the ii-closure 
of Sa are contained in i3V|oc([0, T] x R). 

Example 2.8. Let f{u) = u{\ — u) and pick a decreasing sequence {bi\ of positive reals 
such that bi < 1/2, bi — +oo and bf < +oo. Let u be defined by 



u{t, x) 



jl/2 + b, ifT{bi - bi) <x + bit < T{bi - bi+i) for some i 
1 1/2 otherwise 

Then H{u) = ^ Jjp b ]'^'^ ^(i/2+v) ^(^i — v) < +oo. Note that, even if the initial datum 
is in BV{M.) and f is concave, u ^ -BVioc([0,r] x R). However H{u) ~ H{u). Indeed the 
sequence {u"} C Sa defined by 



u"'it,x) := 



u{t,x) if x + bnt <T{bi-bn+i) 
1/2 otherwise 

such that u" u in X and lim„ H{u'^) = H{u). 



In the following remarks we identify some classes of entropy-splittable solutions to (jl.ip , 
see Definition 12.41 

Remark 2.9. Weak solutions to (jl.ip such that, for each convex entropy rj, pr^.u < 
(entropic solutions) or pn,u > (anti- entropic solutions) are entropy-splittable. Indeed they 
are entropy-measure solutions ( see Proposition \2.6\) and they fit in Definition \2.4\ with the 
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choice ~ [0, T] x M and ~ (for entropic solutions) , and respectively E^ ~ [0, T] : 
and E^ — (for anti-entropic solutions) . 

Let u € i314oc([0, r] X R) he a weak solution to (jl.ip . In the same setting of Remark[ 
let us define := Closure ({ (i, S Ju : 3u G [0,1] : ztg{v;u~^,u~) > 0}). Suppose that 
for each L > the set {t G [0,T] : ({i} x [— L, L]) f] f] J^} is nowhere dense in [0,r]. 
Then u is an entropy- splittable solution. If f is convex or concave the sign of p{v,u'^ ,u~) 
does not depend on v G [u~ Au~^,u~ V u'^] . Therefore, under this convexity hypothesis, weak 
solutions to (jl.ip with locally bounded variations and with a jump set consisting of a 
locally finite number of Lipschitz curves, intersecting each other at a locally finite number of 
points are entropy splittable. 

For a general (possibly neither convex nor concave) flux /, even piecewise constant solu- 
tions to may fail to be entropy-splittable. However, in the following Example 12.101 we 
introduce a family of weak solutions u to (jl.ip that are not entropy-splittable, and show that 
they are in the 7?-closure of S^, and thus II{u) = II{u). However, while Example 12. 101 can 
be widely generalized to prove Hiu) — II{u) for u in suitable classes of piecewise smooth 
solutions, it does not seem that the ideas suggested by this example may work in the general 
setting of entropy- measure solutions u G £. 

Example 2.10. Let 7 : [0,T] — > M be a Lipschitz map, let u be a weak solution of bounded 
variation to (|l.ip . and suppose that the jump set of u coincides with 7. Let u~ = u~ (t) 
and u+ = be the traces of u on 7, and suppose that there exists u*' G (0,1) such 

that u^{t) < 1*0 < u+{t) for each t and -^^"^I^L"'' > -^^"J:^^"^ for v G [u-,u°] and 

^ ^ for V G [u~ , u^] . Then, if these inequalities are strict at some v and 

t, u is not entropy-splittable. However defining u" d X by 

{u{t,x + n^^) if X < j(t) — n^^ 
u" if -f{t) - n-'^ < X < -f{t) + n-^ 

u{t, X — n^^) if X < 7(i) + n^^ 

we have that G S , u in X and H{u") — H{u). In particular, if a{u) is uniformly 

positive on compact subsets o/[0, T] xR, then H{u) — H{u). It is easy to extend this example 
to the case in which the jump set of u consists of a locally finite number of Lipschitz curves 
non-intersecting each other, provided that on each curve the quantity ^ — ^^^^+2.1}'"'^ 

changes its sign a finite number of times for v G [w^ A , V u^] . 

We next discuss the link between this paper and [9l[T7]. In the introduction we informally 
described the connection between the problem (|1.4p and stochastic particles systems under 
Euler scaling. It is interesting to note that such a quantitative connection can also be 
established for the limiting functionals. The key point is that we expect the functional H 
defined in (|2.15p to coincide with the large deviations rate functional introduced in [9l [17] , 
provided the functions /, D and a are chosen correspondingly. Unfortunately, we cannot 
establish such an identification off the set of weak solutions to p.ip with locally bounded 
variation. 

Remark 2.11. Let H' : X [0, +00] be defined as follows. If u E £ we set 

H'{u) :=sup{||p+J|tv,l, i>0, 77GC2([0,1]) : 0<(J7f <D) 

letting H' (u) +00 otherwise. Then H > H' and LKu) — H'iu) whenever there exists a 
Borel set E^ C [0,T]x]K such that for a.e. v G [0,1] the measure g'^{v;dt,dx) is concentrated 
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on and g^{v]dt,dx) = on . In particular if f is convex or concave and u G 
-BVioc([0, r] X M), then H{u) = H'{u). If J is neither convex nor concave, then there exists 
ue X such that H{u) > II'{u). 

A general connection between dynamical transport coefficients and thermodynamic po- 
tentials in driven diffusive systems is the so-called Einstein relation, see e.g. jl6[ II. 2. 5]. 
For a physical model described by (|I.4p . this relation states that the Einstein entropy 
he C2((0,I))nC([0,I];[0,-Hc»]) defined by 

a{v)h" [v) ^ D{v) we (0,1) 

is a physically relevant entropy in the limit e ^ 0. We let g be the conjugated flux to h, i.e. 
g{u) := J^^^dv h'{v)f' (v). Note that h, g may be unbounded if a vanishes at the boundary 
of [0, 1] and that g < Ci + C2 h for some constants Ci, C2 > 0. If m is a weak solution to 
(jl.ip such that h(u) g Lijoc([0, T] x M) and such that the distribution h{u)t + g{u)x acts as 
a Radon measure on (0, T) x R, we let ||P;^„||tv be the total variation of the positive part 
of such a measure. By monotone convergence II'{u) > ||P/|^„||tv for such a u, and if / is 
convex or concave and u has locally bounded variation, then indeed H'[u) = ||P/|^„||tv- If 
/ is convex or concave, we do not know whether H{u) = H'{u) = ||P/|^„||tv for all u e X, 
since a chain rule formula for divergence-measure fields is missing. 

The problem investigated in [9l [IT] formally corresponds to the case f{u) = (t{u) = 
u{l — u) and D{u) = 1, so that the Einstein entropy h coincides with the Bernoulli entropy 
h{u) — —ulogu — (1 — M)log(l — u). The (candidate) large deviations rate functional 
H'^^ introduced in [21 [T7] is defined as -l-oo off the set of weak solutions to (jl.ip . while 
H'^^{u) — ||p^„||tv for u a weak solution (this is well defined, since h is bounded). We thus 
have H > H'^^ , and in view of the F-liminf inequality, H comes as a natural generalization 
of H''^ for diffusive systems with no convexity assumptions on the the flux /. 

Outline of the proofs 

Standard parabolic a priori estimates on u in terms of Ig (u) imply equicoercivity of on 
M. ■ Equicoercivity of Hg, on X is obtained by the same bounds and a classical compensated 
compactness argument. 

The F-liminf inequality in Theorem 12.11 follows from the variational definition (|2.6p of I^. 
The F-liminf inequality in Theorem l2. 51 still follows from (|2.6p by choosing test functions of 
the form e'd{u''{t, x), t, x), with a-d" < D. 

The F-limsup inequality in Theorem 12. II is not difficult if fit.x = Su{t,x) for some smooth 
u] the general result is obtained by taking the lower semicontinuous envelope. The F-limsup 
statement in Theorem 12.51 is proven by building, for each u G 5^, a recovery sequence {u^} 
such that a priori H^{u'^) — > H(u). The convergence it^ — > u is then obtained by a stability 
analysis of the parabolic equation (|1.4p w.r.t. small variations of the control E. 

Eventually, in Appendix [Bl we apply our results to Hamilton- Jacobi equations. 

3. Representation of and a priori bounds 

Given a bounded measurable function a > on [0, T] x M let be the Hilbert space 
obtained by identifying and completing the functions (p G C^([0,T] x M) w.r.t. the semi- 
norm {{ifxjO'fx))^^'^- Let 'D~^ be its dual space. The corresponding norms are denoted 
respectively by || • ||x)i and || • 

We first establish the connection between the cost functional and the perturbed para- 
bolic problem p.4p . The following lemma is a standard tool in large deviations theory, see 
e.g. [TTJ Lemma 10.5.3]. We however detail its proof for sake of completeness. 
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Lemma 3.1. Fix e > and let u E U. Then Ie{u) < +oo iff there exists ^P^'" G ^^(ti) smc/i 
that u is a weak solution to (|1.4p with E = namely for each Lp G C^([0, T\ x M) 

(u(T),^(T))-(u(0),^(0)) 

"=0 (3.1) 



In such a case ^f"^'" is unique and 



1 e 



e.u||2 



(3.2) 



Proof. Fix £ > and u G U such that /^(u) < +oo. The functional defined in (|2.5p can 
be extended to a linear functional on C^([0,T] x R) by setting 

C(^) = ("(T), v'(r)) - (z.(0), ^(0)) - {{u, ^t)) - {{f{u), ^,)) 



(3.3) 



Since for any e C^([0, T] x M) the map [0,T] 3 t ^ {u(t),ip{t)) e M is continuous, it is 
easily seen that 

Ie{u)^ sup \e^{ip) - -{{a{u)(p^,ip^))] 

ipeC^{[0,T]xR) ^ 

We claim that defines a bounded linear functional on Indeed, since /^(w) < +oo 

which shows that £'^{(p) = whenever {{a-{u) (px, ipx)) = (as £'^{-) is 1-homogeneous), 
namely ^" is compatible with the identification in the definition of -D^^^^ above. We also 
get that £"{p) is bounded by the P^j-^^-norm of ip (up to a multiplicative constant), and it 
can therefore be extended by compatibility and density to a continuous linear functional on 
Still denoting by ^" such a functional we get 



o-(«)- 



{u)= sup \e^(p) -l-{{a(u)px,fx)) ] 



(3.4) 



which is equivalent to the first equality in (j3.2p . By Riesz representation theorem we now 
get existence and uniqueness of 5''^'" G '^a(u) ^^ch that ^"((ys) = (^'^'",(^)^i for any 

cr(ii) 

(p g I'Ljj'), which implies p.ip . Riesz representation also yields I^iu) = ^ll'^'^'^llpi • The 

converse statements are obvious. □ 

In the following lemma we give some regularity results for u Cz U with finite cost, and we 
prove some a priori bounds. 



Lemma 3.2. Let e > and u eU be such that Ie{u) < +oo. Then u e C([0, T]; iijocV 
Moreover for each entropy - entropy flux pair {r],q), each p G C^'{[0,T] x R), and each 
t e [0, T] 



(rjiuit)),p>it)) - (77(w(0)), ^(0)) - / ds [(rjiu), + {qiu),p>x)] 



I < 



[o,t] 
ds 



ds {r]"{u)D{u)ux,(pUx) + {u)D{u)ux, (px) 
W'iuMu) Ux, ip) + {v'iu)a{u) p>, 



(3.5) 
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where is as in Lemma WTh Finally, there exists a constant C > depending only on f , 
D and a such that for any e, L > 

e [dt [ dxul <C[e-^I,{u) + L + 1] (3-6) 

J J[-L,L] 

Proof. Recall that the linear functional ^" on T^lr{u) defined as the extension of (|3.3[) . Let 
e := -f{u) + ^D{u)u^ - ct(u)^'|^" e L2,ioc([0,T] x K); by ut = 9^ holds weakly. 

Since Ie{u) < +oo we also have Ux G -Zj2,ioc([0, T] X M), so that u e C([0,T];L2,ioc(R)) by 
standard interpolations arguments, see e.g. [12j . Since u is bounded, this is equivalent to 
the statement u G C([0, T]; LijocW) ■ 

This fact implies that integrations by parts are allowed in the first line on the r.h.s. of (13. 3p , 
namely for each measurable compactly supported 4> : [0, T] x R ^ R with (p^ G -^2 ([0, T] x R) 

£^(0) = {{ut,<j>)) + {{f{u)x,<j^)) + |((i?(uK, (3.7) 

where indeed we understand {{ut,(t>)) = —{{9,(j)x)). Since Ux is locally square integrable, 
if ?7 G C^([0, 1]) and (p G C^([0,T] x M), then ri'{u)(p has compact support and its weak 
x-derivative is square integrable. We can thus evaluate p.7p with (f) replaced by ri'{u)ip] 
since i^{r]'{u)ip) = (^'"^", and u G C([0, T]; Ls.iocW) we get 

To prove the last statement, consider an entropy - entropy flux pair (ji,q). By (|3.4p and 
(lO) 

I,{u)>e:isv'iu)^)-'-^{{{rj'iu)^)^,aiu){r^'{u)^)J) 
= e{7j(u(T)), p{T)) - eivium, ^(0)) - e[{{7j(u),^t)) + Mu),^x))] 
+ [{{D{uW'{u)ul p)) + {{tj'{u)D{u)ux,Vx)) 

- {{(^(u)Tl"{uful,ip^)) - {{a{u)r]'{ufipx,fx}} 

- "^iicriuW {u)r]' {u)ux, (p (fix)) 

We now choose rj > 0, uniformly convex and such that arj" < D, and for such a rj we let 
a := maxt, [D{v)r]' {v)^ /rj" {v)] , so that a {rj')^ < a. By Cauchy-Schwarz inequality 

2\{{a{u)ri"{u)r]'{u)ux,(p(px))\ 

< {{a{u)7^"{uful,p^)) + {{a{u)i{u)\ipxipx)) 

< ((D{u)r,"{u)ul,p^)) +a{{cpx,V.)) 

Letting ( : [0, 1] — > K be such that C' — v' ^'^d integrating by parts we get {rj' {u)D{u)ux, (fx) 
— {C{u),(pxx)- Collecting all the bounds 

< e-'hiu) + (r,(u(0)),v^(0)> + {{v{u),ipt)) + 
s 

+ i^{{C{u),Vxx)) + ea{{Lpx,Lpx)) 

We now choose independent of t and such that tf{x) = 1/4 for |x| < i, < fix) < 1/4 
for L < < L + 1, f(x) = for |x| > L + 1, and {^x, Vx) + {^xx, fxx) < 2. Since g, C, are 
bounded and ?7 > 0, estimate p.6p easily follows. □ 
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Lemma 3.3. The sequence of functionals {le} is equicoercive onU. 



Proof. Let u ^ U he such that /^(w) < +00 and ^f^'" be as in Lemma [3.11 By (|3.ip . 
and the bound p.6p . for each s, i G [0, T], each L > 0, each ip g C^(]R) supported by [— L, L] 



\(u{t)~u{s),ip)\ 



dr dx 



[s,t]x[-L,L] 



,1/2 



1/2 



dr{a{u)-^r.-^T) [\t-s\{a{u)p^,^.)] 



1/2 



< C 



1/2 



l + L + /,(7/) |i-s|l/2(<^^,(^^)l/2 



for a suitable constant C depending only on /, D, and a. Since (C/, dj/) is compact, see (|2.ip . 
recalling (|2.2p and the Ascoli-Arzela theorem, the equicoercivity of {Jg} on follows. □ 

As mentioned in the introduction, the assumption that cr is supported by [0, 1] allows 
us to consider only functions u that take values in [0,1]. More precisely, consider a cost 
functional 1^ analogous to 1^ but defined on Li.ioc([0,T] x R). We next prove that, if 
u G Lijoc([0, T] X R) is such that Ie{u) < +00 and satisfies some growth conditions, then u 
takes values in [0, 1]. 

Proposition 3.4. Let /, Z), : M — > M; assume f Lipschitz, a and D continuous and 
hounded, with cr > and D uniformly positive. Let L^ : Li,ioc([0,T] x R) — > [0, +00] he 
defined as follows. If f{u) € i2,ioc([0,T] x R), we define Ie{u) as in (12. 6p . and we set 
Ie{u) — +00 otherwise. Suppose that u G Li.ioc([0,T] x R) is such that Ie{u) < +00. Then 
u e C([0,T];Li,ioc(K)). Moreover, if a is supported by [0, 1], and u is such that u{Q) G U 
and Jdt |u(t, a;)|e~''l^l < +00 for some r > 0, then u takes values in [0,1], hence u & U . 

Proof. Let u e Lijoc([0,r] x R) be such that Ie{u) < +00. By the same arguments of 
Lemma since f{u) g i2,ioc([0, T]xM.), ut ~ 0^ holds weakly for some 9 G i2,ioc([0, T] x 
R). Hence, as in LemmaESl u e C([0, T]; Li,ioc(R)) . Suppose now that a is supported 
by [0,1]. Pick a sequence of strictly convex, strictly positive entropies ry„ e C'^(R) such 
that: |77^(u)|, ?7"(u) < C„ for some C„ > 0; for u G (0, 1), ?7„(u) does not depend on n and 
satisfies < c < 77^(-u) < D{u)/a{u); r]n is decreasing for -u < and increasing for u > 1; 
for u ^ [0, 1] the sequence {r]n{u)} increases pointwise to +00 as n ^ 00. Still following the 
proof of Lemma E21 for t G [0, T] and ip G C^(R) 

iVniuit)), (^) + I / ds {Diu)v';{u)ul ^ - 2^.2) < e-'i,iu) 



[o,t] 

-(77„(u(0)),(/j) + / ds 



where g„ and Cn are defined (up to a constant) by qn{v) = j " dw r]'^{w) f'{w) and — r]'^ D, 
and a :— max„g[o.i] D{u)rj'^(uY /rj'^{u) is a constant independent of n, since a is supported 
by [0,1]. Since / is Lipschitz and D is bounded, it is possible to choose the arbitrary 
constants in the definition of qn and C,n such that |(7„|, < Crjn for some constant C > 
independent of n. In particular g„ G Li^ioc([0,T] x R); for each ip G C^(R) such that 
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< Lp{x) < 1/2 



dt 

[O.T] J[0,t] 



ds 



:{Cn{u), Lpxx) + ea{tp X: ^x) 



Let now r be such that Jdtdxe~^^^^\u{t,x)\ < +oo. By a hmiting procedure, the above 
bound holds for any ip g C°°(M) such that < (p < 1/2 and sup^-gR e'"'^' + l<<5:E(a;)| + 

|<^3;a;(a;)|] < +00. For such p, by the choice of qn, C" 

1 



T 



l4H + (77„(u(0)),</.) 

aT 



C{{rin{u), \ipx 



IV'xxl)) 



It is easy to verify that, given L > large enough, we can choose ip such that (p{x) — 1/2 
for \x\ < L, ip{x) = ie"""!^"-^! for \x\ > 2 L and \(pxx{x)\ < r\ip>x{x)\ < r'^ ip{x) < r^/2 for 
> L. Moreover, with no loss of generality, we can assume that y — C (r + |r^) > 0, 
otherwise we can suppose T small enough and iterate this proof. Therefore 

1 e , 



T 



Cir 



[0,T]xl-L,L] 



dt dx ri„ 



<e-^i,{u) + {rMO)),^) 



■ ^-^{fx,Vx) 



If u(0) e U the r.h.s. of this formula is finite and independent of n, and therefore the 
l.h.s. is bounded uniformly in n. Taking the limit n — > oo, by the choice of r/„ necessarily 
u{t, x) G [0, 1] for a.e. {t, x) £ [0, T]xR. □ 

The following result is not used in the sequel, but together with Lemma [3. II and Propo- 
sition 13. 4i motivates the choice of as the cost functional related to (11.21) . 



Proposition 3.5. For each e > the functional : U [0, +oo] is lower semicontinuous. 

Proof. Let {u"} C U he a sequence converging to u inU, and such that I^iu") is bounded 
uniformly in n. By (|3.6p . for each L > we have that /^p t]x[-l l]'^^'^^ (^")^ 
bounded uniformly in n. Therefore, recalling definition (j2.6p . the lower semicontinuity of 
is established once we show that m" converges to u strongly in Li^ioc([0,T] x R). Fix L > 
and pick xl G C^(M) such that < xl < 1 with xl{x) = 1 for a; e [-L, L]. We show that 
y^n.L ._ ^"-^^ converges to := uxl in -^2([0,T] x M). Choose a sequence of mollifiers 



with jdxjk(x) = 1, then 



,n,L 



< U 



n,L 



IIL2([0,T]xI 

\\jk * U"'^ - Jk * U^W rr,n TlvB^ + \\jk *U^-U^^ 



lL2([0,T]xR) ' \y " llL2([0,r]xR) 

where the convolution is only in the space variable. For each k the second term on the r.h.s. 
above vanishes as n ^ cjo by the convergence u" — > u inU. Since the third term vanishes as 



fc — > oo it remains to show that the first one vanishes as k 
by parts and Young inequality for convolutions yield 



oo uniformly in n. Integration 



,n,L 



[0,T]> 



< 



[0,+oo) 



dyjkiy) 



n,L\\ 

X IIl2([0,T]xR) 
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The uniform boundedness of Jjp t]x[-l j^-^dtdx (u")^, (|3.6|) and the choice of xl imply that 
the second term on the r.h.s. is bounded uniformly in n, while the first term vanishes as 
k — !■ oo. □ 



4. r-CONVERGENCE OF 



0, 



In this section we prove the F-convergence of the parabolic cost functional as e 
see Theorem 12.11 Some technical steps are postponed in Appendix [X] 

Proof of Theorem I2.lt equicoercivity of I^. Recall that {A4, (Im) has been defined in 
p.3p . ()2.4|) and note that {Af,dv;) is compact. By Lemma [3.31 for each C > there exists 
a compact Kc C U, such that for any e small enough {fi & M : Z^{fi) < C} C {fi £ M : 
^J't,x = '5u(t,£c)foi' some u G Kc} =■ ICc- In order to prove that ICc is compact in {M,dM), 
consider a sequence = Su^} C ICc- Then there exists a subsequence {/u"^} such that, 
for some ^ G Af and u G U, /i"^ — > /i in (A/", c?w), and fi"^ (i) ~ ^ u inU, hence fi{t) = u. 
Therefore ^ £ M and ^"^ ^ ^ in {M , (i^vi ) ■ □ 
Proof of Theorem l2.lt F-liminf inequality. Let {/i^} C be a sequence converging to 
liinAd. In order to prove lim^ _,n T^iif ] > it is not restrictive to assume < -\-oo, 



and therefore /if ^ 
definition (l2Jll 



for some G iY. For each Lp € C^((0,T) x M), recalling 



Let d € C^([0, 1]) be such that d'{u) = D{u). Then D{u'^)u% = d{u^)x, and an integration 
by parts shows that the last term on the r.h.s. of the previous formula vanishes as e ^ 0. 
Hence 



lim (/i'^ 



> 



1 



. .0 2 
By optimizing over S C^((0, T) x M) the F-liminf inequality follows. 
Proof of Theorem I2.lt F-limsup inequaUty. Let 

Mg := j/i e 7W : < +oo, 3r, L > 0, 3/ioo € ^([0, 1]) such that 

fj.{i), n{a) > r, ^t,x = Moo for > ij 

Mq:^ \^^JLe Mg : 5u for some u G Ci([0,T] x R; [0,1]) | 

and define I : M —f [Q^ +oo] by 

I X(/i) if /i e A^o 
+00 otherwise 



□ 

(4.1) 
(4.2) 



We claim that for /i € A^Oi a recovery sequence is simply given by /i^ 
for some u G C^{[Q,T] x R; [0, 1]), we have 

2 

Xe(/i'') = Ie{u) = \ Ut + f{u)x - ^[D{u)Ux 



(4.3) 

/i. Indeed, ii ^, — 5u 



< 



1 + 6 

2 



As /i € -Mg, u is constant for |a;| large enough, in particular Ux € L2{[Q,T] x 



Since 



we have also cr(u) > > 0, the last term in the above formula vanishes as £ ^ 0. Hence 



18 



G. BELLETTINI, L. BERTINI, M. MARIANI, AND M. NOVAGA 



r-limgXg < X. As well known, see e.g. [31 Prop. 1.28], any F-limsup is lower semicontinuous; 
the proof is then completed by Theorem 14. II below. □ 

The relaxation of the functional X on defined in (|4.3p might have an independent 
interest; in the following result we show it coincides with X, as defined in 



Theorem 4.1. X is the lower semicontinuous envelope of 2. 

The following representation of X is proven similarly to Lemma 13.11 

Lemma 4.2. Let /i G A^. Then X(/i) < +oo iff there exists € -^Mo-) ■'^c/i that fi is a 
measure-valued solution to ut + f{u)x ~ — ((t(w)^'^)^,, namely 

+ (4.4) 

holds weakly. In such a case ^I^^ is unique and 



Furthermore, suppose that ^{a) > r for some constant r > 0. Then X(/i) < +oo iff there 
exists G L2([0,T] x M) such that weakly 

fi{i)t+fi{f)x^-G^, (4.5) 
In such a case can be identified with a function in L2{[0,T] x R), and 

= pi{a)^^, = \ ( dtdx ^^'^^^f^^ (4.6) 

2 J Mt,a;(0") 



The following remark is a consequence of Lemma 14.21 

Remark 4.3. Let {/^'^} C M be such that ^ in M, X(m'') < +oo and ^i^{a) > r 

for some r > 0. Let also G^ be defined as in Lemma \4-S\ If /^'' (c) — > l^{<^) strongly in 
-^i,ioc([0, T] X M) and {G^ } is strongly precompact in L2([0,T] x M), thenl{^'^) ~>l{fi). 

Throughout the proof of Theorem 14. 1[ approximation of Young measures by piecewise 
smooth measures is a much used procedure. In particular we will refer repeatedly to the 
following result, which is a simple restatement of the Rankine-Hugoniot condition for the 
divergence-free vector field fi{f ) + G^) on (0,T) x M. 

Lemma 4.4. Let 7 : (0,r) ^ R 6e a Lipschitz map with a.e. derivative 7, and let C 
(0,r) X R 6e a left, resp. a right, open neighborhood of the graph of"/; namely Graph(7) C 
Closure(O^) n Closure(0~''), and for all {t,x) G , resp. {t,x) G O"*", the inequality x < 
7(t), resp. X > "f{t), holds. Let also O :~ 0+U0^UGraph(7). Suppose that a Young measure 
l-i (z A4 is such that, for each continuous function F G G([0, 1]) the map {t,x) n- ^t,x{F) is 
continuously differentiate in 0~ UO"*", and such that there exist the respective traces 11^ (F) 
of /i(-F) on the graph of "f. Then there exists a map G : O — s- R, defined up to an additive 
measurable function of the t variable, which is continuous in O^UO^, admits traces G^ on 
the graph of"f, and is such that (|4.5p holds weakly in O. Moreover the Rankine-Hugoniot 
condition holds for a.e. i G [0,T], namely 

G+-G- = [a.(z)+ - [m(/)+ - Kfr] (4.7) 

Proof of Theorem 14. li Since T is lower semicontinuous, it is enough to prove that A^o, 
as defined in (|4.2p . is X-dense in Ai, namely that for each G with X(/i) < +00, there 
exists a sequence {n''} C Mq such that /z*^ ^ in A^ and limfeX(/i'^) < X(^) (we will also 
say that /x'^ X-converges to fi). We split the proof in several steps. 
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Step 1. Here we show that is X-dense in the set of Young measures which are a finite 
convex combination of Dirac masses for a.e. (i, x). More precisely, recalHng definition (|4.ip . 
we set 

TW^* := e TWg : /i = YJl=i for some € L^,{[0,T] x M; [0, 1]) 

with J^'Li = 1 and u' e ioo([0,T] X M; [0, 

and 

oo 

In this step, we prove that Mo is I-dense in Mi- We proceed by induction on n; to this 
aim, for n > 1, we introduce the auxihary sets 

1^ e A^g : 3r > such that ^ = J27=i 

for some G Loo([0, T] x R; [r, 1]) with X^Li a' = 1 
and u' e C°([0,r] xR; [0,1]) | 

|/i G A^g : 3r > such that /i = X)r=i Oi^^u^ 
for some G ([0, T] x R; [r, 1]) with X;r=i = 1 
and G Ci([0, T] x R; [r, 1 - r]) with > + rj 

Note that Al" C Al" C Al", and AlJ C Alo- We claim that for each n > 1, Al" is X-dense 
in Ml, that Al" is I-dense in Al" , and that Al" is X-dense in Al""'""^. The I-density of 
Alo in All then follows by induction. The previous claims are proven in Appendix [XI 

Step 2. In this step we prove that Ali is I-dense in Mg, see ()4.ip . We use the following 
elementary extension of the mean value theorem. 

Lemma 4.5. Let X be a connected compact separable metric space, Fi,. . ., (z C{X) be 
continuous functions on X , and P G V{X) be a Borel probability measure on X . Then there 
exist a^,...,a'^ > with = 1, x^, . . . , a;'' G X such that P(F') = ^2^1 c^'FH^^), 

i = 1, . . . , d. Furthermore there exists a sequence {P"} C V{X) converging weakly* to 
¥, such that each P" is a finite convex combination of Dirac masses, P"(i<"*) = P(i^*) for 
i = 1, . . . ,d, and for each n the map V{X) 9 P i— > P" G V{X) is Borel measurable w.r.t. the 
weak* topology. 

Proof. It is easy to see that the point P(F) := (P(Fi ),..., P(F<j)) G R'' belongs to the 
closed convex hull of the set B := {(^Fi{x), . . . , Fd{x)) , x G X} C R''. Since B is compact 
and connected, Caratheodory theorem implies that P(_F) is a convex combination of at most 
d points in B, namely the first statement of the lemma holds. Since X is compact, for 
each integer n > 1, there exist an integer k — k{n) and pairwise disjoint measurable sets 
Al,..., Al C X, such that P(X \ V^\^lA'i) = 0, P(Af ) > 0, and diameter(Af ) < n'^ , I = 
1, . . . , fc. For Z 1, . . . , fc, let P(-|yip) G V{X) be defined by ^(B\A\) := P(Af n B)/V{Af) 
for any Borel set i? C X. By the first part of the lemma, there exists a probability measure 
P" G 'P{X), which is a convex combination of d Dirac masses, such that P"(Fi) = P(Fi|A"). 
The sequence {P"} defined as P"(-) := Y.'i=i^i^?)^"i-) satisfies the requirements of the 
lemma. □ 



Ml := 
Al'i' := 
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Let ji E -Mg- By Lemma [4.51 there exists a sequence {/i"} C M converging to /i in Ai 
such that fit,x is a convex combination of Dirac masses (t, x) for a.e. (i, x), and = 

= ;z"(cr) = /i(cr). Hence = X(^) and ^" e A^i. 

Step 3. Recall Lemma IT2l and set 

Ms :— e M : I(^) < +oo, 3r > such that ^(i), ^(ct) > r, 

c e ci([o,T] X M) nioo([o,r] x m), 

for each € C([0, 1]) Ai(^) € Ci([0,T] x M)| 

In this step we prove that A^g is I-dense in A^a. 

Let n G A^3, and choose a constant Uqo > such that fi{i) — Uoo > S for some S > 0. 
Define the maps 7^ G C([0,T]) n C^((0,T)) as the solutions to the Cauchy problems 

G^(t,7W)+Mt,7(t)(/)-/(^oo) 

= ±fc 

7^ are well-defined by the smoothness hypotheses on /i and C'. On the other hand, since 
we assumed to be uniformly bounded, \^^{t) ^ k\ < C, for some constant C > not 
depending on k. We define, for k > C, by ^^^^ — fit,x if 7-(^) < a; < 7+(t) and 
Mt^,2; = '^Moo otherwise. Clearly ^'^ — > ^ in as fc ^ 00. We also let G^'^ {t,x) — G^{t,x) 
if 7^(t) < a: < 7^(i), and G^'' {t,x) = other wise. By (|4.7p and the definition of 7^1 , the 
equation iJi^{i)t + = ^G'^''' holds weakly in (0, T) x M. In particular, by Lemma W% 

Step 4- Here we prove that AI3 is X-dense in 

M4 := {fJ, e M : I{p) < +00, 3r > such that ^(i), ^(cr) > r} 

Let e Al4 and {]^}k>i C C;?°(M x R) be a sequence of smooth mollifiers supported 
by [—T/k^T/k] x [—1,1]. For fc > 1, let us define the rescaled time-space variables h^^ : 

[0, T] X R ^ M X R by 

For fc > 1 we also define the Young measure /i*"' by setting for F G C{[Q, 1]) and G 
[0, T] X R 

tAA^) J dyds]''{t- s,x-y)^ib>'{s,y){F) 

It is immediate to see that ji^ G A^s. Moreover, as fc — > 00, /i'^ — > /i in A^ and iJ^{F) — > /x(i^) 
strongly in iijoc([0,T] x M) for each F G C([0, 1]). 
Let us also define G i2([0,T] x M) by 

gC Jdydsj\t-s,x-y)G'^{b''{s,y)) 

Then ^*=(i)t = -G^' holds weakly, and G^' ^ G^' in L2([0,r] x R) as fc -> 00. 

The proof is then achieved by Remark 14.31 

Step 5. A^4 is X-dense in Ai. For ^ G A4 with < -l-oo, we define fi'' ;= (1 — 

fc"i)Ai + fc"^5i/2. Clearly /' ^ ^inM, and /(i) > ^"72, /i'=(cr) > fc-V(l/2). Therefore 
Z^''" G Aii- From (|2.8p it follows that X is convex, and since T{Si/2) = 0, we have < 
(l-fc-i)X(/x). □ 
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The following proposition is easily proven, and will be used in the proof of Corollary 12. 21 

Proposition 4.6. Let X , Y be complete separable metrizable spaces, and let uj : X —> Y 
be continuous. Let also {T^} be a family of functionals J> : X — s- [— oo, +oo]. Let us define 
-.Y [-00, +oo] by 

FM = inf T,ix) 
xeiL! i(jf) 

Then 

{T-mF,)iy)< inf ( r-Ijm.F,) (x) 

Furthermore if {J-^} is equicoercive on X then {F^} is equicoercive on Y. In such a case 

( r-lim F,){y)> inf ( r4im JP.) (x) 

Proof of Corollary 12.21 Since the map A4 3 fi i-^ E U is continuous, by Proposi- 
tion |4]6] we have that is equicoercive on U (which we already knew from Lemma l3.3p and 
F-converges to I : U ^ [0, +oo] defined by 

I{u) = inf X(^) 

Recall that, if < +oo, has been defined in Lemma 321 Equality (|4.4p yields 
I{u) = inf *^)>, $ e L2,ioc([0,T] X R), /i e X : 

lifi) < +CX), fi{i) = It, <I>^ = weakly, = * - Kf)] 

The corollary then follows by direct computations. □ 



5. r-CONVERGENCE OF 

Proof of Proposition 12.31 

(i) (ii). We first show that || pr;,n||TV,L is finite for each 77 such that < 77" < c. It 
is easily seen that for each ip e C^{{0,T) x {-L,L); [0,1]) there exists ip £ C^{{0,T) x 
i-L,L); [0, 1]) such that ip > (p and \\\ipt \ + IVxlhi < 2(2i + T). Therefore 

PvA^v) = PvA'f ^v)- PvM'f) 

< IIP,t«llTV,L + Mu),Pt)) + {{q{u),<Px)) 

< Wptuhv.L + 2(||r,||oo + ||<z||oo)(2L + T) 

and thus ||p^,n||TV,L < 2||p+„||tv,l + 2(||ry||oo + ||g||oo)(2L + T). 

Let now := cv'^/2, and for 77 G C^([0, 1]) arbitrary, let a := c~^maxi, |?7"(u)|. Then 
pTj.u = —<^pfj-rj/a,u + o.pii,u- Sincc both r) — 77/0; and f/ are convex with second derivative 
bounded by c, p^_„ is a linear combination of Radon measures, and thus a Radon measure 
itself. 

(ii) => (iii). Throughout this proof, we say that 771, 772 G C^([0, 1]) are equivalent, and we 
write 771 ~ 7/2, iflf 77" = 772'. We identify C^([0, 1])/ ~ with C([0, 1]), which we equip with the 
topology of uniform convergence. For w e A" a weak solution to HI]) , for ^ e C^°° ((0, T) x R) , 
the linear mapping C^([0, 1]) 9 77 i-^ p,,,„((p) G M is compatible with ~, and it thus defines 
a linear mapping Pip^u ■ C{[0, 1]) M. It is immediate to see that P,p^u is continuous, and 
by (ii) for each 7/ e C^{[0, 1]) and L > 

SUp{P^,„(77"), (^G Cr((0,r) X i-L,L)), 1^1 < 1} = \\pr,,u\\TV,L < +^ 
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By Banach-Steinhaus theorem 

sup{F^,4e), ip&C^{iO,T) X {-L,L)), \^\ < 1, 
ee C([0,1]), |e| < 1} < +C50 

Therefore the linear mapping : C{[0,l])xC^ {{0,T)x{-L, L)) K, P^{e,Lp) := P^,u{e) 
can be extended to a finite Borel measure on [0, 1] X (0, T) X {-L, L). The collection {P^}l 
defines a unique Radon measure Pu on [0, 1] x (0, T) x R, since two elements of this collection 
coincide on the intersection of their domains. Recalling (|2.10p . we thus gather for each 
T] £ C^([0, 1]), for each ip £ C^((0, T) x R) and for some constant C > depending only 
on / 



Pu{dv,dt,dx)r]"{v)(p{t,x) = PvAv') < C'llv' 



Ci ( (0,T)xI[ 



dv\r]"{v)\ 



Pu thus defines a linear continuous functional on Li([0, 1]) x C^((0, T) x R). This implies 
that the Radon measure P„ can be disintegrated as P„ — dv Qu{v] dt, dx), for some bounded 
measurable map p„ : [0,1] M((0, T) x R). From the definition of Pu, we obtain for 
rj e C2([0,l]), G C'r((0,T) X M) and ^{v,t,x) = Tj{v)ip{t,x) 

P-dM = P-n,u{f) ^ I Pu{dv,dt,dx)'q" {v)tf{t,x) 



dv Qu{v] dt, dx) 'd" {v, t, x) 



By linearity and density (|2.13p holds for each entropy sampler z?. 

(iii) => (i). It follows by choosing d{v,t,x) — r]{v)ip{t,x) in equation ()2.13|) for (p £ 
C^{{0,T) X R; [0, 1]) and r] £ C^dO, 1]) with < 77" < c for an arbitrary c> 0. □ 

Proof of Theorem 12.51 item (ii): equicoercivity of H^. The equicoercivity of 
w.r.t. the topology generated by the diy-distance (|2.2p follows from Lemma [3.31 It remains 
to show that, if is such that He{u^) is bounded uniformly in e, then {u^} is precompact 
in I/ijoc([0,T] X R). By equicoercivity of {1e\, the sequence {/i^} defined by /Xj^ = 5u'^(t^x) 
is precompact in M. Therefore we have only to show that any limit point ji £ Ai oi {fi^} 



has the form fit,: 



for some u £ X, to obtain the existence of limit points for {u*^} 



in X. This is implied by a compensated compactness argument due to Tartar, see [TBI Ch. 
9], provided that there is no interval where / is affine, and that, for any entropy - entropy 
flux pair (77,5), the sequence {r]{u'^)t + q{u^)x} is precompact in H^l(^[0,T] x R). Let us 
show the latter. By there exists C > such that for each (p £ ((0, T) x {~L, L)) 



|((^(w")t+'Z(w")x,</5»| 

{{rj"{u^)D{u-)u%,pu%)) 



e 

< - 
- 2 



+ C 



e / dtdx{u%Y ||'^||l^([o,t]> 

[0,T]x[-L,L] J 

1/2 



ei?e("')+£^/ dtdx{u%f ■ \\fx\\L2{[a,T]y 

[0,T]x[-L,L] J 
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By the bound (j3.6p . rj{u^)t + q{u'^)x is the sum of a term bounded in Lijoc([0,T] x R) 
and a term vanishing in iJj^^([0,T] x R) as e ^ 0. By Sobolev compact embedding and 
boundedness of 77, g, the sequence {ri{u^)t + q{u'^)x\ is compact in _ffj^^([0,T] x M). □ 

Proof of Theorem 12 .51, item (i): F-liminf inequality. Let {u^} be a sequence converg- 
ing to u in A". If u is not a weak solution to by Thcorem l2.1l we have hm ^^n Is{u^) > 
2^(<5u) > 0, and therefore hm^ ^n H^{u^) — +00. Let now m be a weak solution to (jl.ip . With 
no loss of generality we can suppose H^{u'^) < Ch- We now consider an entropy sampler - 
entropy sampler flux pair (1?, Q) such that 

<cT{v)^"{v,t,x) < D{v), e [0,1] X (0,r) X R (5.1) 

We also let f^{t, x) — e'd'{u'^{t, x),t, x), and introduce the short hand notation ('(^'(m^)) {t, x) = 

l9'iu%t,x),t,x), {riu')){t,x)=r{u%t,x),t,x), {Iid,l9')iu'))it,x)= {dxl)')iu'{t,x),t,x). 

As we assumed H^{u^) < +00, u% is locally square integrable, see (|2.6p . and since § is com- 
pactly supported we have = ei9"(u^) u%+e{dx'd'){u'^) S i2([0, T] x R). The representation 
(|X7)) of £f (.^^) thus holds, and recalhng (PTTT|) we get 



(it da; 



{dt^){u'{t,x),t,x) + {dxQ){u'{t 



■ e 



By the bound (|3.6p . the last three terms in the above formula vanish as e ^ 0, while 
(([D(m^) — tT(u'^)i?"(u^)]u|, > for each entropy sampler ■& satisfying ([57 
Therefore, taking the limit e — > and optimizing over 



limg^(u^) 

> sup lim 

■a s—o 

= sup P^,„ 
1? 



(it da; 



(ati?)(w'^(t,a;),t,a;) -|- {d^Q){u'{t,x),t,x) 



where the supremum is taken on the d G C^''^{[0, 1] x (0,T) x R) satisfying dO]). Recalhng 
that we assumed the l.h.s. of this formula to be finite, we next show that this inequality 
implies that u G £, and that the r.h.s. is equal to H{u). By taking i9(u,i,a;) = ri{v)(p{t,x) 
for some ip G C^{[0,T] x R; [0, 1]) and entropy 77 such that < a{v)ri"{v) < D{v), we 
get prj^ui^) < lim ^ H^(u^). Optimizing over ip it follows that u fulfills condition (i) in 
Proposition 12.31 with c = min^ D{v)/a{v) > 0, and thus u £ £. By (iii) in Proposition 12.31 
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and monotone convergence we then get 

lim H^ju'^) > supP^_„=sup dv Qu{v; dt,dx) {v,t,x) 

E^O i5 ' ^ J 

dvgi{v;dt,dx)^^^ ^ H{u) (5.2) 

which concludes the proof. □ 

Lemma 5.1. Let f G C^([0, 1]) and assume that there is no interval where f is affine. Then 
entropy -measure solutions to p.ip belong to the space C([0, T]; Li,ioc(R)) • Let furthermore 

:= max f'{v) V7 := min f {v) (5.3) 
Then for each u££,xeM., V>V^orV< Vf 



lim J dt\u{t,x + C + Vt) - u{t,x + Vt) \ =0 (5.4) 

Proof. With the same hypotheses of this lemma, in fH Sect. 4] it is shown that if a weak 
solution u to (jl.ip is such that is a Radon measure, then, for each L > and t G 
[0,T), lims|t Jj_^ |u(s, x) ~ u{t,x)\dx = 0. Therefore, by item (ii) in Proposition 12.31 
entropy-measure solutions enjoy this property. Since the set £ of entropy-measure solutions 
is invariant under the symmetry (t, x) i— > {—t,—x), the same holds true also for s | i, and 
thus£:cC([0,T];Li,ioc(M)). 

If u is an entropy-measure solution to the conservation law (|l.ip . then u^'^{t,x) := 
u{ztt,x ± Vt) is an entropy-measure solution to the conservation law with flux where 
f^{w) — f{w) ^ Vw. With no loss of generality, we can thus prove (|5.4|) only in the case 
V — with the assumption Vj^ > 0. In this case / is invertible on its range [a, b], and we let 
g G C2([a, b]) be its inverse. We define v : R x [0, T] i-^ [a, b] by v{x, t) = f{u{t, x)). Then v 
satisfies 

v^+g{v)t=Q (5.5) 

Furthermore, if Z,to G C^([a, &]) satisfy m' = V g' , then by chain rule l{v)x + rn{v)t = Pn,u, 
where j]{w) := J'"dzl'{f{z)). Therefore v is an entropy-measure solution to (|5.5p . and by 
the first part of this lemma 



lim J ds \v{x + s) — v(x, s)\ — 

The result then follows by recalling u{t,x) = g{v{x,t)). □ 

Proof of Theorem 12. 5|, item (iii): F-limsup inequality. Given an nice (w.r.t. a) 
solution u E Sa, let be as in Definition 12.41 We want to construct a recovery sequence 
{m^} C X that converges to m in A" as £ ^ 0, and such that lim^ iJe(it^) < H{u). We 
split the proof in four steps. In Step 1 we build a suitable family of rectangles contained 
in [0,T] X R. In Step 2, for e, (5, L > 1, we introduce two collections {t;S,5,i,±| auxiliary 
functions on [0, T] x M. In Step 5, for iV G N we define a collection {u^^'^.^.i} c A", and we 
prove 

Ih^^ IW Heiu"-^^'^'^) < H{u) (5.6) 

In particular {u^'^'^'^} is precompact in X. In 4 we show that any limit point of 
|ye,i5,Af,L| coincides with u in A", provided we consider the limit in e, S, N, L in a suitable 
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order. More precisely we show 

lim lim lim lim u^-^^^^^ = u (5.7) 

By (j5.6p and (|5.7|) it follows that there exist subsequences {(5^}, {L^} C (0, +cx)) and {A^"^} C 
N such that := u'^''' ^l" pj-Qvides the required recovery sequence for u. 

Throughout this proof, we assume /' to be uniformly positive in [0, 1], namely that V^~, 
as defined in (|5.3p . is positive. As noted in the proof of Lemma |5. 11 this assumption is not 
restrictive. Note also that the calculations carried out below make sense also if i?+ = or 
E- =0. 

Step 1. For each t such that {{t} x [-L,L]) C^ E+ C^ E~ =0, the compact sets [{t} x 
[— L, L]) n E'^ are disjoint, hence strictly separated. By (ii) in Definition 12.41 there exists a 
countable collection of pairwise disjoint time intervals {(sf , tf )}igN, with {sf,tf) C (0, T) 
such that := Uj(sf,if) is dense in [0,T], and for each i € N the two sets E^'^ := 
((sf',tf) X [— L, L]) n E^ are strictly separated. By splitting each of these intervals in a 
finite number of intervals, with no loss of generality we can assume 

tf - sf < distance(i?^+, Kf (5.8) 

where is defined in (|5.3p . and it coincides with the Lipschitz constant of / since we 
supposed VjT > 0. 

For z e N let nf e N be such that 

Jl < -l-min{l,distance(£:f '+,£:/"-)} (5.9) 

and consider the rectangles := (sf , ) x (;^L, ^^L), for j — —nf, —nf + 1, . . .,nf — l. 
By the definition (|5.9p of nf and condition (|5.8p . for j = -nf + 1, - rif + 2, nf - 2 

diameter(i?f;^_i U i?,^^ U R^^j^^ U < idistance(£;f (5.10) 

In particular each Rfj has nonempty intersection with at most one of the sets E^ , E^ . We 
define 

nf-2 

y i?,^,- (5.11) 

and for N eN 

j^N,L,± uilii?f ^± := U^i?^'^'± (5.12) 

Note that by dEH]) and ([5] 



^ ^-L + y+(r-.f)<x<:^L-y+(r-sf)} (5.13) 
and by ((ETU)l 

nf-2 
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Step 2. For L > 1 and 5 G (0, 1/2), let u^^^ ^ X he defined by 



' u(t, x) if \x\ < L and u{t, x) € [5, 1 — S] 

S if \x\ < L and u(t,x) < 6 

1-S if l^l <Landu(i,a;) > l-(5 

1/2 if|x|>L 



(5.15) 



For e > 0, i e N, we define v. 
Cauchy problem 



and v. 



(5f,if)x] 



. as the solution to the forward-parabolic 



vt + f{v)x = -;^{D{v)vx)^ 



(5.16) 



as the solution to the backward-parabolic Cauchy problem 



Vt + f{v)x = --{D{v)vx)^ 



(5.17) 



We define v"'^'^^"^ : 



by requiring u^^*'-^'*(r, x) = v^''^'^'^ {r, x) for r g {sf,tf). 



Note that v'^'^^^''^ e C[t^; U) and w^''''^'='=(t, x) G [S,l~ S] by maximum principle. Further- 



more v: 



S L2,\oc{t X K), and indeed by standard parabolic estimates 



I 



el dr dx {y^: 

N 

i=i 



(r,x)y 



sf ,tf]x[-L,L] 



drdx{vl:^^^'^{r,x)f < C 



(5.18) 



for some constant C^'^ > independent of e and 6. 
We claim 



lim lim 



dr dx 



(r, x) — u{r, a;)| = 



(5.19) 



We show (|5.19p for y^'^''^'^ _ The analogous statement for 1;'^''^'^'+ follows by the fact that 
the set Sn is invariant w.r.t. the symmetry (t, a;) f-^ (— — x), while the supports of are 
exchanged under this symmetry. By the well known results of convergence of the vanish- 
ing viscosity approximations to conservation laws (and as it also follows from the F-liminf 
inequality in Theorem 12.51 item (i)) 



lim 



dr dx V' 



e,S,L,- 



[r,x 



-5,Li 



sf,x) 







(5.20) 



,tf Ixl-L,L1 



where m^' is the Kruzkov solution to (|l.ip with initial condition w^' (0,-) = u^'^{sf,-) 

1,3 



On the other hand, by the definition (|5.1ip of Rf' , if j is such that C i?f ' , then 



u is entropic in the rectangle {sf.tf) x {^-^L^ ^^L), namely pri^u{'^) < for each convex 
entropy 77 and each positive test function tp compactly supported in (s^, tf) x [i^L, i^L). 
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Therefore, by Kruzkov theorem [15j 

l.l±^L-V+(r-sY) 

Hm sup / ' dx\u^^ {r — ^x) — u{r^x)\ 

< hm / ' dx\uj^'^{Q,x) — 11(3^ ,x)\ 

5^0 J t^L 

= hm / dxlw'^'-^fsf ,x) - M(sf ,a;)| = 

and thus, fixed N G N, hy (|5.13[) the convergence claimed in (|5.19p holds on each Rfj for 
each i < N and each j such that Rfj C Rf'~, and therefore on R^'^'^ itself. 
Next we claim that for each L > 1, N e N and if e {R^-^ +; [0, 1]) 

Note that the l.h.s. of this formula is well defined, since 6 < v^'^'^'^ < 1 — S and thus 
^(^£.5,L,+) is uniformly positive. For each e C;?° (([0, T] x ]R)\£;-; [0,1]) and 77 G C^{[0,1]) 
such that dry" < D we have 

-ff(M) > J dw gu{w;dt,dx)r]"{w)ip{t,x) = p,,,{i(</?) (5.22) 

By (I5T71) and (l5T^ for each 77 e C2([0, 1]), TV e N and e C;?° (i?^'^'+) 

hm hm |((D(z;^-^'^-+)<'^'^'+, = P.,u(^) (5-23) 

— n) e — >U Z 

This implies (|5.2ip if a is uniformly positive on [0,1], since we can evaluate (|5.23p on an 
entropy 77 such that 77" = D/a and use the trivial bound (|5.22p . On the other hand, if 
<t(0) = 0, resp. if cr(l) = 0, then by condition (iii) in Definition l2.4l we have that 'u{t, x) > Cl, 
resp. u{t, x) < 1 — C,L, for a.e. {t, x) £ (0, T) x {—L, L) and for some > 0. By the definition 
of u*'^ and maximum principle, we have also ti^''^'^'+ > resp. ti^^*'^'+ < 1 — ^^.i and thus 
(|5.19p follows by evaluating (|5.23p on an entropy 77 such that rj" {w) ~ D{w) / a{w) for all 
w > Ql, resp. w < 1 - (l- 

Step 3. In this step, with a little abuse of notation, we denote by / and D two bounded 
continuous functions on M, such they their restrictions to [0, 1] coincide with / and D, and 
/ is uniformly Lipschitz and D uniformly positive. We also let cr* e C°'[[Q^ 1]) be such that 
a^(w) = a{w) for we [5,1-5], a^{w) < cr{w) for w G [0, 1], and cr'^(7i;) = for w < 5/2 or 
w>l- 5/2. 

For L > 1 and iV G N, let E^'^ G C^ {R^'^'+; [0, 1]), and define 

pN,L,+ interior({(t,x) G R^'^'+ : E^^^{t,x) = 1} 
pN.L,- ._ interiorN(t,a;) G R'^^^^- : '"^■'^{t,x) = O} 

For each fixed i > 1, we require the sequence {S^'^} to be increasing in N and such that 

\Jn P^'^'+ = -R^'+ (5.25) 



(5.24) 
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For (5, L > 1 and iV e N define u""'^'^'^ 
problem 



[0,T] 



as the solution to the Cauchy 



ut + f{u)x = -{D{u)ux)^ 



D[v 



(5.26) 



Note that the term in square brackets in (|5.26p is well-defined since is well-defined 

on the support of S^'^, and since 5 < v'^'^'-'^'^ < 1 — <5, a{v^'^'-'^'^) is uniformly positive. 



It is easily seen that the problem (|5.26p admits at least a solution 



with U^^^'^'^ e L2.loc{[0,T] 



By (|5.26|) we also gather 



,e,S.N.L 



e Loo([0,T]; 



<7{v 



< +00 



Therefore, replacing a with cr^ in the statement of Proposition 13.41 we have S < u' 



e,S,N,L 



< 



1 — 6 and 



,e,S,N,L 



g X. Since (S^'^)^ e C^{R^^^^+; [0, 1]), by the same estimate and dOB 



lim lim (u 

s e 



e,5,N,L 

■ e 
2 



= limlim -( ( D{v'-'^'^^+)vl^'''''+, (S^'^)^ 



e,&,N,L 



7? 



- S e 2\\ ^ ' ^ ' (t{v''^^'^' + ) 

< H{u) 



so that (15.61) holds 



,6.5, NX 



Step 4- Since {Hi.} is equicoercive on X and (|5.6p holds, there exist 5q, Eq = £o(^o) small 
enough and a compact set ICq C X such that u'^'^'^'^ g /Co for each e < Eq, 6 < So, N G N 

} coincide with u, provided 
This will conclude the 

By (1211), dm and 



and L > 1. In this step we show that any limit point u of { 
the limits in e, S, N and L are taken in a suitable order, see (E 
proof. 

Let z"^^'^'^'"^ : r-^ X M [-1,1], z"^^'^'^'"^ := m^-— - v' 
(I5l8l) . for each iV e N 



7V,L 



(5.27) 



for some constant C^'^ > independent of e and S. 

Since we will first perform the limit e ^ 0, we now fix 6, N, L as above, and we drop 
for a few lines these indexes, thus writing 



^eJ,N,L,± 



^ = Recalling the definition (|5.24p . by (|5.26p and (|5.16p . we have weakly on P 

zt'- + (fin-) f{v^-))x = UD{u-)zr), + U[D{u^) D{v^--)\vr) 



N,L,- 
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Let now / G C^([-l, 1]) and ip e C^{P'^'^'-). It follows 

-((/(z-'-),^,)) - ((/(«-) - f{v^'-),i'i^'n^.)) 
^{{f{u^)~f{v'n,i"i^'n4--'p)) 



-'-{{[Diu-)-Div^-)]vr,n^''-)^^)) 



(5.28) 



In the same fashion, by (|5.17p . weakly on p^'^>+ 



Since w^'"*" takes values in [5, 1 — (5], we have o'''(w^'+) — a{v^-^) and thus, in the same fashion 
as above, for each I e C2([-l, 1]) and ip e C^{P^-^ +) 

-((/(z.^)-/(^;^-+),r'(z--+)z^-+^)) 

= -|((i?(u^)z^'+,r(2-'+)z^^+^)) - |((i?(«-)zj-+,r(z-+)^.)) 

- ^{{[Diu-)-D{v^^+)]vl^+,l"iz^-+)zl-+^)) 
-'-{{[Diu-)^D{v^^+)]vl^+,l'{z^-+)p>,)) 



(5.29) 



Vf^(«^'+) 

For I convex and (/? nonnegative, the first term in the second lines of (|5.28p and (|5.29p 
is nonpositive. With these assumptions on I and (p we thus define Bi = B^'^'^'^'^ :— 

[((i?(u-)zJ'±,Z"(z-'±)z|^±^))]'/' and let, for e C([0, 1]), 

max{r'(z)|F(i; + z) -F(i))p : ve[S,l-S], z e [-1,1], v + ze [0,1]} 



F.l 



Since w^'*, zj'* G i2,ioc(-P^'^'*), by (j5.27p . Cauchy-Schwarz inequality and the fact that 
D is uniformly positive, we have for each nonnegative ip^ € C^(P^'^'*), and for some 



constant C — (j^^'^'-'^ independent of I 



+ ||(([i?(u^)-i?(«-.±)]z;^-±,r(z--±)z-±^±))| 

+ \e{{[^a^{v^^+) ^^;:!^ <-+,^+?-(z--+)zg-+)) 
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We also let Ci max2g[_i ij \l'{z)\ and note that, in view of ()5.18|) and (|5.27|) . for any 
nonnegative ip^ S C^(P^'^'*) and for some constant C 



C^±'^ independent of e and I 



Patching all together, for each nonnegative G C^(P^^^^*) we gather 

Bi + CCi^ 



< 



-Bf 



C 



(5.30) 



It is then easily seen that we can take a sequence of convex smooth functions [In] C 
C^([— 1,1]) such that 1^(^)1 < 1, ln{z) —> |z|, zl'^{z) \z\ uniformly on [—1,1], and such 
that, by the Holder continuity hypotheses on D and a 



Jim + + J = 



Evaluating (|5.30p for I = In, taking the limit n oo, and recalling that we assumed /' to 
be positive on [0, 1], we gather for each nonnegative (p^ S C^(P^'^'*) 



U±))-((|/(^-)-/(^;-'±)U±))<CVi 



(5.31) 



We now reintroduce the dropped indexes S,N,L, and recall that for (5 < (Jq, £ < £0(1^0); 
N & N and L > 1 we have u^'^^'^^^ e /Cq for some compact /Cq C X. Let u^'^ e /Cq be a 
generic limit point of {u^'^''^'^} in A" as £ ^ and successively i5 ^ 0. By (|5.19p and (|5.3ip . 
for each nonnegative if G C^{P'^'^- U P'^^^^+) 

-((|u^'^-^i|,VPt))-((|/(^^^'^)-/(«)|,^.)) <0 (5.32) 

Since w^^^ e /Co, there exist G X and a subsequence {Nk} C N such that u'^'"^ in 
A" as fc ^ +00. By (|5.25p and (|5.32p . it follows that for each nonnegative tp £ C^(P^'^ U 

^ {{\u^ - ul^t)) - {{\f{u'^) - f{u)lp^)) < (5.33) 

Since is dense in [0, T], by ((5?T4)) and (|5J)) we have that, for L > 1, P^'+ U P-^^~ is dense 
in [0, T] X [ — L + L — ^] . Note also that u £ Sa C £ hy hypotheses. Furthermore, 
since is a limit point of a sequence with uniformly bounded TJ^-cost, we also have G £ 
by item (ii) in Theorem 12. 5[ namely u and are entropy- measure solutions to (jl.ip . By 
Lemmainm u, G C([0, T]; Li,ioc(K)) • By the same Lemma 15.11 and the assumption 
> we have that the maps x 1— > u{t,x) and x 1— > u^{t,x) are continuous from R to 
Li([0, r]). Therefore, since the boundaries of and P^'~ \ P^'+ are countable unions 

of segments parallel to the x and t axes, we have that ()5.33p holds for each nonnegative 



(^GCr((0,T)x (-L 



4L ' 



4L 



Recalling {u } C /Co, let u be a limit point of {u } along a subsequence Lk — > 00. From 



(|5.33p we get for each nonnegative G C^((0,T) x 

-{{\u~u\,pt))-{{\fiu)-f{u)\,p.))<0 



(5.34) 
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Reasoning as above, we also have u € £, and thus setting z :~ u — u, by Lemma l5. 11 u, u, z € 
C([0,r];iijoc(M)). By ([Qi]) . it is then easily seen that for each bounded nonnegative 
Lipschitz function ip on [0, T] x R such that Jdtdx [\lp\ + \(pt\ + l^fixW < +oo, and for each 
t e [0, T] 

(|z(i)U(t))-(|z(0)U(0)) 

- / dr[{\z\{r),^r{r)) + {\f{u{r)+z{r))-,f{iL{r))\,^,{r))]<0 (5.35) 
Jlo,t] 

Fixed L > 1, we evaluate the inequality (|5.35p for (p{t, x) = f'^ix) defined as 

if a; < ~L 
a -L <x < L 
\i X > L 

so that setting Z^{t) {\z{t)\,if^) we have 

Z\t)^Z\Q)<V+ f dr{\z\{r),\^^,\)<V; I dr Z^r) 

By Gronwall inequality, for each L > 1 and each t € [0, T], we have Z^{r) < exp[Fj' t]Z^{0). 
Note that u{0,x) = u{0,x) by (|5.15p and the definition of convergence in X. Therefore 
Z^{0) = 0, and thus Z^(t) = for each t e [0, T] and L > 1. Hence u = u. □ 

Proof of Proposition 12.61 In order to show that H is lower semicontinuous, first note 
that the set of weak solutions is closed in X. Moreover for each entropy sampler d the map 
X B u t-^ P^^u e K is continuous. On the other hand, if u is a weak solution to (|l.ip then 
the equalities in (15. 2p holds, and thus iJ is a supremum of continuous maps. 

Since D{-)/a{-) is uniformly positive on [0, 1], H{u) = iS u G £ and = 0, thus u is 
entropic. Conversely, entropic solutions u are in £ by item (i) in Proposition 12.31 ^J^d the 
entropic condition is thus equivalent to = 0. 

The coercivity of H follows from the Tartar's method of compensated compactness, that 
we already applied in the proof of Theorem 12.51 item (ii). Suppose indeed that we are 
given a sequence {u"} C X such that H{u'^) < Ch < +oo for each n. Then each m" 
is an entropy-measure solution to (jl.ip by the definition of H. For each entropy ry, each 
n, L > 0, by the same bound in the proof of Proposition l2.31 || pij.u" ||tv,l ^ 2|j ||tv.l + 
2 (hiloo + ||(7||oo)(2i + T). On the other hand, for each r] e C^([0, 1]) such that arj" < D, 
II Pt^m" IItv.l < H{u^) and therefore ||p,j,m"||tv,l is bounded uniformly in n. Since rj and q 
are bounded, we have that {r]{u")t+q{u")x} is precompact in ifj~^([0, T] xR). As we already 
noted in the proof of Theorem 12.51 item (ii), see [HI Ch. 9], this yields the compactness of 
in X. □ 

Proof of Remark 12.71 By well known properties of functions of locally bounded variation, 
for each entropy rj and u E X D BV\oc{[0,T] x R) we have that p,,_„ is a Radon measure 
on (0, r) X R. If w is a weak solution to ()1.1|) . by Vol'pert chain rule [2], the absolutely 
continuous and Cantor parts of Pn,u w.r.t. the Lebesgue measure on (0,T) x R vanish, and 
we get 

On the other hand the Rankine-Hugoniot condition [u+ — u~]n* + [/(u+) — f{u^)]n^ — 
holds. The statement of the remark follows by direct calculations. □ 



^\x) := <^ 1 
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Proof of Remark 12.111 For u ^ £ we have 

H'iu) = sup{p^,„M, ^eCr((0,r)xM;[0,l]), 

rye C2([0, 1]) : 0< ar]" < D} 

so that the inequaUty H > H' follows from the equalities in (|5.2p . The same inequality 
yields H{u) — H'{u) if there exists a set E'^ as in the statement of the remark. If / is 
convex or concave and u has locally bounded variation, we can take E'^ = {{t,x) G J„ : 
3v e [0, 1] : p{v, u+, u^) > 0}, where J„, u"^ and p are defined as in Remark [2?7l 

If / is neither convex nor concave, then there exist u~, u"*", v' , v" € (0,1) such that 
p{v' ,u'^ ,u~) > and p{v" ,u~^ ,u~) < 0, where p is defined as in Remark [2771 Let V := 
f(u+)-fiu-) ^ ^g^^g u : [0, T] X R ^ [0, 1] by 



fOT X <V t 

ioi X > V t 



u{t, x) :~ 

Then u Q £ and by a direct computation H{u) > H'{u). □ 



Appendix A. X-approximation of atomic Young measures 

Here we prove the claims stated in the proof of Theorem l4.1[ Step 1, where the sets M^, 
Ml, m], are defined. 



Claim 1: Ai" is X-dense in M.^. For n > 1, let /i e M.i , let be defined as in Lemma |4~21 
Let also r, a*, be as in the definition of A^j^ and L, poo be as in the definition (|4.ip of 
^Ag. With no loss of generality, we can assume that > u', i = 1, . . . , n — 1, since we 
can reorder the x) for all {t, x) preserving continuity of the and measurability of the 
a'. Analogously it is not restrictive to assume, for |a;| > L, u^{t,x) = u^, a^{t,x) — for 
some constants u^, G (0, 1]; in particular poo — J2i '^oo'^u^- 

Let now {j''} C C^(MxR) be a sequence of smooth moUifiers supported by [— T/fc, T/k] x 
[ — 1,1], and recall the definition (|4.8p of 6*^. For z = 1, . . . ,n and h,k > 1 define a''*^ € 
C-i ([0, T] X M; [r, 1]) , and u''^^^'' G ([0, T] x E; [/i^i, 1 - h-^]) by 



''=(t,a;) := / dy ds j^{t - s,x - y)a' {b''{s,v)) 
1 



1 - 3/i^i 



n i'a^''''{t, x) 



a'*{t x) J ds j''{t - s,x - y) a^h^'is^y)) u^{b^{s,y)) (A.l) 

Clearly a^'^ and u*'''''^ are smooth, with a''*^ > r, X^i'^*''^ = 1) ^-^^^ a*''^, u*-'*''^ are constant 
for |x| > i + 1. Furthermore for i = 1, . . . , 7i — 1 and {t, x) G [0, T] x M 

lim ru'+i'''''=(i, x) - u''''-''{t, x) - ^] 



> lim 

k — >co 



u'+^'^'''{t,x)-u'-^^'^{t,x) 



n^-, i'Q}''^{t,x) 

= [1 - 3/i~i] - x)] 

Since the are continuous, it is not difficult to see that convergence in the last line above 
is uniform on compact subsets of [0,r] x R. On the other hand, since the and u^'^^'^ are 
constant for > L + 1, we have that convergence is indeed uniform on [0, T] x R. It follows 
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that for each h > 1 there exists > I such that u'^'^'^''^ > u''-^''^ + h~^n~'^/2 for each 
k > K^. Therefore, defining ^'^•^ e M hj 

n 

we get, for k > K^, fi'^'^ G 7W" provided < +00. Recalhng Lemma this foUows 

by the existence of G^"'" G L2([0, T] x M) satisfying weakly on (0, T) x R: 

h k 

Indeed C ' can be computed exphcitly as 

+ (1 - 3/1"^) y ds dy]^{x~y,t- s) Hb''{s,v)if) 
(1 - 3/.-iW(/) + 

where 

t^'Jif) E "^/('^^ + nj^^a^ + - ^^")"^) 

It immediately follows that lim/i^oo linife^oo — G'^||i,([o,T]xR) = 0, and it is also 

straightforward to see that, for each F E C{[Q, 1]) 

lim lim fi'''^{F) = fi{F) strongly in ii,ioc([0,r] x M) 

h — >oo k — >cc 

By Remark |4.3[ we can extract a subsequence {/i*^} from {fi'^'''} that I-converges to fi. 

Claim 2: is T-dense in A4" . For n > 1, let /i G Let also a*, and L be as in 

the definition of Ai" and Mg. With no loss of generality, we can assume that a' > 0, since 
we do not require the to be distinct. As in Claim 1 above, we can also assume that, for 
|x| > L, u*(i, x) = w^, a*(i, x) = for some constants u^, G [0, 1]. 

With these assumptions, for h, k> 1 and i = 1, . . . , n, let us define a"^'^ as in (jA.ip . and 
by 

x) := ^ /dy - s, X - y)a* {b^{s, y))u\b^{s, y)) 

Letting 

n 

l4,x ■= ^a''^{i^x)5^^■.k(t^^) 

we gather /i*^ G A7^. A computation similar to the one carried out in Claim 1 shows that 
X-converges to /i as fc ^ cxd. 

Claim 3: M.^ is I -dense in Al""^^. This is the key step in the proof of Theorem 14.11 For 
n > 1, let G A^""*"^, and let be defined as in Lemma [4.21 Let also r, a', be as in 
the definition of M.^'^^ , and L, ^00 as in the definition (|4.ip of M.g- Note that for > L, 
a^{t,x) — and u^{t,x) — it^ for some constants G [t", 1 — ?"], G [t", 1 — ?■], with 

Let us define the Young measures , E M-i by 

1 a'{t,x) ^ 



34 



G. BELLETTINI, L. BERTINI, M. MARIANI, AND M. NOVAGA 



SO that, letting f3{t, x) :— a"+^(t, a;) < 1 — r 

fit^oc = P{t, x)vl^ + (l - P{t-, x))vl^ 

The basic idea is to build up a sequence {/i*^} I-converging to /i, as follows: we first slice up 
[0, T] X M in small strips, alternating a strip of width (3 /c~^ with a strip of width (1 — /3)k^^; 
we then set /ij^^. = for {t, x) in the first family of strips, and /z^^, = i/^^, for (t, x) in 
the second family of strips. As we let fc ^ oo, we easily get /x*^ fi; however, to get also 
2^(^)5 will have to carefully define these strips. 
For j e Z and k E N, let us consider the maps : [0, T] — > R solutions to 



(A.2) 



7(0) = i 



These equations are well-posed since i^^{f), v^{f), v'^{i) are Lipschitz functions in the 

(<:, x) variables, and v'^{i) — > by the definition of A^""*"^. Furthermore, by standard 
theory for jX2|, 7^^ e CO([0,T]) n C\[0,T))- \^^\ < 2r-i max„g[o,i] 1/(^)1; Ij+i > 7,'; and 
Ij+iit) — lj{t) < Ck^^ for some constant C independent of k, j and t. 
We next define the maps P'j : [0, T] ^ R by 

7"(t)+/3"(*) nhM 

dxK,W-z.o,W] = / dxPit,x)[,yUz)-,y?Jz)] (A.3) 

Since v} ^{i) — v^^{l) > r > 0, for any fixed t E [0,T] the l.h.s. of this equation is strictly 
increasing in Pj{t). Since it vanishes for (3j{t) = and it is larger than the r.h.s. for 
Pjit) = Ij+iit) - Ijit) (recall l3{t,x) E [r, 1 - r]), there exists a unique < Pj{t) < 
7j+i{t) — 7j{t) satisfying (|A.3|) . Furthermore, since /3 and the are smooth, we have 
E C°([0, T]) n C^{{0, T)). The mean value theorem then implies 

/3'(i) - r^'^'^dxPit,x) < C[7^+i(t) - 7j^-(i)]' < C'k-^ (A.4) 



for suitable constants C, C". For and fc two positive integers, we next define the Young 
measure ^^^'^ G by 

^.fc ji^l, if 3j EZ,\j\<hk such that 7|(i) + p^{t) <x< 7^+1 (i) 
Ii^j^ otherwise 

Since v} ^ is constant for |x| sufficiently large, we have ji^'^ E Aig for h large enough. 
Furthermore, since convergence in Ai is local, (jA.4[) yields lim/j^oo hni/c— >oo M^''^ = n in A4, 
and for each E C([0,1]) 



lim lim ^''^''(F) = /i(i^) strongly in iijoc([0,r] 



X 



h — >oo 



We next prove that J{fi''''') < +00 and lim^ limfe G^"'" = G in i2([0,T] x R); so that, 
reasoning as in the proof of Claim 1, by Remark 14.31 we get the existence of a subsequence 
{/u'^} I-converging to ^i. For each F E C([0, 1]), {t,x) ^ ^^"^{F) is smooth outside the 
graph of the curves 7]^. Therefore by Lemma WM there exists G^'^ E L2joc([0,T] x R), such 
that ij!^'''{i)t + tJ''^'''if)x — —G'^''^ holds weakly. First we show that we can choose G'''*^ 



r-ENTROPY COST FOR SCALAR CONSERVATION LAWS 



35 



to be compactly supported, so that G ■ G L2{[0,T] x R), and thus I{fi ' ) < +00 with 
Qh,k _ Qfj. ' according to the definition given in Lemma [321 

Since G'^''^ is defined up to a measurable function of t, and Gj''^(t, x) = for x < I'lhkit) 
(we are considering h large enough as above), we can assume G^''^{t,x) — G^^{t,x) — for 
X < I'lhkit). Furthermore, by (|4.7p and (|A.2p . for each j e Z, G''''"" is continuous in the 
regions {(^,2;) : 7j=(i) + f3^{t) <x < 7jVi(i) + Pj+iit)}- Let now j e Z with |j| < /ifc, and 
t e [0,r]; by gJl) and jX^) 



*,7;(t)+/9|(t) 



^m(/)-^',7^^(t)(/) + 



7"(*)+/3*^(t) 
7,''(t) 



and 



r-7t+i(t) ^ 



+ 



7,n*)+/3}(t) 



By (|A.2p . (jA.3p and simple algebraic manipulations 

G'-\t,^!;^,{t))~G'^^'^{t,j^{t)) 



~^t,7t+i ~ A^t,7t («)(/)] ^ 

G''(i,7^iW)-G''(t,7|W) 



7j=+l(*) 



Since G^'^{t,^^f^f^{t)) = G^(t, 7\j,(t)) = 0, we deduce that for each j e Z. we have 
G''''=(i,7j=(i)) = G^(i,7|(t)). In particular, since G^(i, 7^;^.(^)) = and G^'^{t,x) = 
Gg(t,a;) = for x > 7^'fe(t), we have G''^''{t,x) = G''(t,x) = for x > 7,^fe(t) and 
X < ^^i^^.{t). That is, G''''^ and G^ are compactly supported. Thus < +00 and 

Qh,k ^ Q^'^'\ 

Finally, by the definition of G^ and G^" ', recalling G^''^(t,-f^{t)) = G''(t, 7*^(t)) we have 



I IIL2([0,T]xI 



hk 

E 



[0,T] J^Ht) 



dx(G'' ' {t,x)-G^'{t,x)Y 



[0,T] 



hk 

E 

j=-hk 

dx 

7,"(t) 

7'+l(t) 



7"W 



+ 



dx 



7,n*)+/3"(t) 



7?+iW 
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Since all the integrands in the are last two lines of this formula are bounded uniformly in h 
and k, each term of the sum is bounded by C k^^ for some constant C > 0. Therefore the 
sum itself is bounded by 2 C ft- fc"^, and we get lini/i^oo lim/c^oo T{n^''') — 



Appendix B. F-viscosity cost for scalar Hamilton-Jacobi equations 

In this appendix we establish a F-convergence result for a sequence of functionals associ- 
ated with the Hamilton-Jacobi equation (|l.ip 

bt + f{b^)^0 (B.l) 

which is related to (jl.ip via the transformation u = b^- In (jB.ip we understand {t,x) € 
[0,r] X R and b{t,x) e M. As usual, we assume / to be a Lipschitz function on [0,1], D 
and a continuous functions on [0, 1], with D uniformly positive and a strictly positive on 
(0, 1). We will just sketch most of the proofs, since they are similar to the proofs of the 
corresponding statements for (II. 

We introduce the equivalence ~ on C([0, T]; L2,ioc(IR) by setting ^ b^ iff 6^ — b^ is 
constant in [0, T] x M. We let B be the set of functions b e C([0, T]; L2,ioc(IR) / ^ such that 
bx e U. The requirement b^ is clearly compatible with ^, so that B is well defined. We 
equip B with the metric 

oo 

dB{b\b^):^du{blbl) + M sup J2 \\b\t,-)-b\t,-)+c\\^. . (B.2) 



ceRte[o,T] 



Ar=l 



Note that the second term in the r.h.s. of (|B.2[) is the projection of the C([0, T]; L2.I0C 
distance w.r.t. the ~ equivalence. {B, dg) is a complete separable metric space. 

For b ^ B such that b^x G L2 ioc([0, T] x R) and e > we next define the linear functional 
C-((0,r)xR) by 



at on 



a^(^) := -((6, ^t)) + iifibx), v)) - -{{D{bx)bxx,v)) (B.3) 
and the functional : B ^ [0, +00] as follows. If b^x G -^2,ioc([0, T] x R) we set 

J,(6):= sup \al{^)-\{{a{bx)v,^))\ (B.4) 
vec~((o,T)xR) L ^ J 

letting Je(&) = -l-oo otherwise. We want to study the F-convergence of {Je}. As shown 
below, this problem is strictly related to the F-convergence of {1^} defined in (|2.6p . 

We introduce the set ^ :={(&, /z) € K x : bx — ^J.{^)^ which we equip with the metric 

dJ,{{b\^i^),{b\^x'')) :=d6(6\62) + d^(/ii,/i2) 

We say that (fc, /j.) G is a measure-valued solution to (jB.ip iff bt + /^(/) — weakly in 
(0, T) X R. We hft to a functional : [0, -|-cx)] by setting 

I +00 otherwise 

Theorem B.l. The sequence {J7e} is equicoercive on A and T-converges to 

J{{b,^i)):^ sup {-((6,^,)> + ((M(/),^»-l((MffV,^)>} 
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Note that j{{b, fi)) = iff {b, ^) is a measure- vafued sofution to (|B.ip . 
On the set B we next introduce the metric dy 



dy{b\b^):^d;,{blbl) + M sup J2l^\\bHt)-b\t)+c\\.. 



and denote by {y,dy) the compiete separabie metric space consisting of the same set B 
equipped with the distance dy. We say that 6 g 3^ is a weak solution to (|B.1|) iS —{{b,ipt)) + 
iifibx), = for each (p G ((0, T) x M) . We denote by W C 3^ the set of weak solutions 
to (jB.ip . We rescale the functional Je defining -.y ^ [0, +oo] as 

K,:=e-^Je {B.7) 

Theorem B.2. Let be the functional on W as defined in (|B.7[) and (|B.4p . 

(i) The sequence of functionals {K^} satisfies the T -liminf inequality 

(r-im,x.)(6)>|^('^) '^'^^ 

e^o I +00 otherwise 

(ii) Assume there is no interval where f is affine. Then the sequence {K^} is equicoercive 

on y. 

(iii) Suppose furthermore f G C^([0; 1]) and D,a C"([0, 1]) for some a > 1/2. Then 

{T-l^K.)ib)<l^^'^^ '^^^^ 
e^o I +00 otherwise 

Since 6(0, •) is bounded and Lipschitz, by a well known connection between entropic 
solutions to (|l.ip and viscosity solutions to (jB.ip . see e.g. 10, Theorem 1.1], we gather 
(r-lim A'e)(6) = iff 6 is a viscosity solutions to (|B.1[) . It follows that if b'^ satisfies the 



equation 



bt + fib.) = ^Dib.)b.. - a{b,)E' (B.6 



for some such that hm^ e||£'^|li,([o t]xm cr(b^)dtdx) = then hmit points of {¥} are viscos- 
ity solutions to (jB.ip . Analogously if fe"^ solves (|B.8|) for some with e||£''^|li2([o t]xr a{b^)dtdx) 
uniformly bounded, then limit points b of {b"^} are such that b. G £■ 

In order to prove Theorem IB. II and Theorem IB. 21 we first establish some preliminary 
results. Given a measurable map a : [0,T] x R — > [0, -l-oo], we let Ca be the Hilbert space 
obtained by identifying and completing the set {ip £ C^((0,T) x M) : {{aip,ip)) < -foo} 
w.r.t. the seminorm ((at/s, (/?)). 

Lemma B.3. Let e > and b £ B be such that Je{b) < +oo. Then there exists E'^''^ e ^cr(b^) 
such that 

bt + fib.) = ^Dib.) b.. - aib.) E''" (B.9) 

holds weakly on (0,T) x R and J^b) — ^H-E-'^'^H^ ^- Furthermore L^ib.) < +oo and there 

exists 7=^'' e C„(b^yi such that Yx'^ = and aib.)E''^^ = cr(&^)^'^'''- + 7'^•^ where W'^-' is 
defined as in Lemma \3.1i In particular 

Mb) = h^^-'^Wl^ + i||7^^'llL,, , = leibx) + liicribx)-'!'-',!''")) (B.IO) 
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Proof. The existence of E^-'', (IB.9P and the equaUty Je(6) — ^\\E'^'^\\c ^ ^''^s achieved as 
in Lemma [3. II We also have 



Je{b) = sup |a^(v5) - i((cr(6^)(/J,(^))| 

|a^(</),)-i(H&,)0„0,))| 



¥'ec~((o,T)xi 

> sup 

<pec^{{o,T)xi 



= sup 

0ec^=°((o,T)xi 

By dsn) and ((R9|) there exists W'>- £ P^^^^j such that {a{b^)E^-'>) ^ = (aib^)-^"/-) ^, 

namely a {bx)E'^''' — C7{bx)'^%'''^ +Y'''{t) for some measurable map 7^''' : [0,T] —> [ — 00, +00]. 
It is then easy to check (|B.10p . □ 

The following lemma is proven analogously. 

Lemma B.4. Let (6, £ A be such that fi)) < +00. Then there exists E^'''^^^ e 'C^(o-) 

such that 

b,+^,{f)^-^,{a)E'^''^^'> 
and j{{b,^)) = ^ ^- Furthermore < +00 and there exists ^'^'''t^^ g 

such that 7^'''^' = and 

J{{b,^,)) = + ^h^'^^^lli,,^, =i(m) + \{{K'^r'i^'''\i^'^'^)) (B.ii) 

where is defined as in Lemma \4-.S\ 

Lemma B.5. The sequence of functional {J^} is equicoercive on (B^dis)- 

Proof Let {¥} d B he such that J^{¥) < Cj for some Cj < +00. By ((RTO)) I,{b%) < 
Cj, and thus is precompact in U by Lemma [3.31 We are left with the proof of the 
compactness of {b^} w.r.t. the second term on the r.h.s. of (jB.2p . By (jB.lOp and (|3.6p we have 
that for any iV > 0, /jp y]x[_Ar j^^dtdx (&^^)^ < C{Cj + e N +1) for some constant C > 
depending only on / and D. It then follows by (jB.9[) that for each TV > 0, ||L2([o,T]x[-JV,Af] 
is bounded uniformly in e. Since b^ E U for each b £ B, we also have < 5| < 1. Recalling 
that elements in b are defined up to a constant, the conclusion follows by these bounds on 
6f , 5| and compact Sobolev embedding. □ 

The following remark follows by Proposition [3T3] and Lemma [8.31 and the definition (jB.2p 
of ds- 

Remark B.6. For each e > 0, J"^ is lower semicontinuous on [B^d^). 

Lemma B.7. For each u £ lA such that Ie(u) < +00 there exists 6'^'" £ B such that 
6!^'" — u and Je{b^'^) = Ie(u). Furthermore if b £ B is such that bx = u and J^{b) < +00, 
then ht = b^'" +7^''', where 7^''' £ £cr(u)-^ *s defined as in Lemma \B. 3[ Conversely, given 
7 £ C^f^u-^-i with 7a; = 0, there exists a unique b £ B such that b^ — u and bt = 6f + 7. 

Proof. From the definitions (|2.6p and (jB.4p . it is not difficult to gather 

I,{u) = inf .h{b) 

Since Jg is coercive and lower semicontinuous on B, and {b £ B : b^ — u\ i& & closed subset 
of B, there exists a 5" on which the infimum is attained. 
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If b is such that bx — u and Je{b) < +00, then by the decomposition of E^-' in Lemnia rB.31 
we have {b — 6")f — a{u){E^-^ — E^-'^ ) = 7'^'''. The converse statement follows by choosing 
b{t, x) — b^{t, x) + j'^ds'-f{s), which identifies a unique b E B. □ 

Proof of Theorem IB.li Equicoercivity follows by (jB.lOp . the equicoercivity statement in 
Theorem 12.11 and Lemma 13.31 

In order to prove the F-liminf inequality, let {(6^,//^)} C A converge to some G A. 

It is not restrictive to assume Je{b^) < +00, and thus e L2,ioc([0,T] x M) and /i*^ = (J^e. 
Then for each ip e C^{{0, T)xR) 

Je((&^M^)) = Je(&^) 

> + {{fm,^)) - \{{D{bl)bl^,^)) - \{{p,a{bl)p)) 

As in the proof of the F-liminf inequality in Thcorem l2.11 an integration by parts shows that 
the third term in the l.h.s. vanishes as £ ^ 0. Hence 

lim > -((6,^t)> + ((m(/),^» - 

and the F-liminf inequality is achieved by optimizing over Lp. 

Let e .4 be such that J'(^{b,iJ,)) < +00. By Lemma [B.4I Xf/i) < +00 and by the 

F-limsup inequality in Theorem 12.11 there exists a sequence {m^} C U such that (5„e —t fj, 
in M and \im^ I^{u^) = limeXe((5„e) < By Corollarv lB.71 there exists 6^'"^ e B such 

that b^/'^" — and Jg(fo^'"^) = If,{u^). Letting 7^''''^) be defined as in Lemma [B. 41 it is also 
easily seen that there exists a sequence 7^ G such that 7J = 0, 7*^ — > ryib^ti.) -ftreakly 

in L2([0,T]), and ||7^||£ , ^ ||7^'''^^||£ , Recalling Corollary [BTl we define the 
sequence 6^ by the requirements 5^ = u"^ and 6j — -I- 7"^. We have 

< + i ((/.(a)7(^''') , 7^"^''^)) = ^((6, m)) 

On the other hand (5b| ^ /U in A^, and it is not difficult to check 6f bt weakly. Therefore 
any limit point in A of {(6^, ^bj)} coincides with (&, /Lt). □ 

Proof of Theorem IB.2i If 5 e 3^ is such that {b, Si,^ ) is a measure- valued solution to (jB.ip . 
then b G W. By the F-liminf inequality in Theorem IB . 1 1 we thus obtain (F- lim = +00 

e 

if 5 ^ W. The F-liminf inequality on W follows immediately by (i) in Theorem 12.51 and 

(iBim . 

Equicoercivity is a consequence of (ii) in Theorem 12.51 and Lemma IB. 51 
In order to prove the F-limsup inequality, let 6 € W be such that H{bx) < +00. By (iii) 
in Theorem 1 2 . 51 there exists a sequence {u^} C X converging to u := b^ in X and such that 
IhKe He{u^) < H{u). Let ¥ := 6^^""; by Corollary [BJ] Ita^e < K{b). Furthermore, 

by (i) and (ii) proven above, {6^} is precompact in y and its limit points are in W. Let 
6 G W be a limit point of {¥}. Then b^ = bx, since b^ = ^ u = bx in X; on the other 
hand bt + f{bx) = = 6t + f{bx), so that we also gather bt = 6*. It follows b ^ b. □ 
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